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ABSTRACT
		 In this study, we consider the non-Darcian model of  Gyrotactic Microorganisms and electro-

magnetohydrodynamic (EMHD) for micropolar bio viscos fluid containing different kinds of  nanoparticles 
over a stretching plate. The problem is formulated mathematically by a system of  non-linear partial 
differential equations (PDEs). By using suitable transformations, the PDEs system is transformed 
into a system of  non-linear ordinary differential equations (ODE) subjected to appropriate boundary 
conditions. These equations are solved numerically by using the finite difference method. The model is 
applied to human blood, as a bio viscos fluid containing four different types of  nano-particles such as 
Copper (Cu), Silver (Ag), aluminum oxide (Al2O3), and Titanium dioxide (TiO2). The effects of  some 
parameters on the obtained solutions are discussed numerically and illustrated graphically through a set 
of  figures. The results showed that the momentum for Al2O3-nanoparticles and TiO2-nanoparticles is 
spreading faster inside the blood than propagating momentum for Cu-nanoparticles, Ag-nanoparticles. 
The importance of  this study comes from its significant applications in many scientific fields, such as 
nuclear reactors, medicine, and geophysics.

Keywords: boundary layer, micropolar fluid, nanoparticles, moving surface, electrical magnetic field, 
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1. INTRODUCTION
The study of  the behavior of  Newtonian 

and non-Newtonian fluids flow is important for 
engineering and medical industries. Biological 
fluids such as blood fail to comply with Newton’s 
viscosity law and are considered non-Newtonian 
fluids [1]. Recent experimental researches proved 
that nanofluids are more effective medium for 
thermal conductivity. Therefore, the heat transfer 

efficiency is expected to improve dramatically, 
incorporating both the advantages of  bioconvection 
and nanofluid thermal conductivity. During the 
past few decades, nanomaterials have grasped the 
full attention of  scientists as well as engineers. 
Nanomaterials are recognized to enhance the 
thermal conductivity of  base fluids like water, 
ethylene glycol, etc. In 1995, Choi et al. [2] studied 
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nanofluids in the Argonne Federal Laboratory, 
USA. The nanoparticles used in nanofluids are 
typically made of  metals, oxides, carbides, or 
element nanotubes. The importance of  using 
the nanofluids is the enhancement of  the heat 
transfer inside the base fluid. This is because those 
nanoparticles change the properties of  the base 
fluid and enhancement of  thermal conductivity 
and efficiency of  the new fluid. Commonly utilized 
nanoparticles are metals (Cu, Ag, Fe) and metal 
oxides (CuO, Al2O3, TiO2, Fe3O4 and ZnO). 
Enhanced thermal conductivity of  nanofluids 
has satisfying applications not only in domestic 
heating but also, cooling systems, photovoltaic 
thermal systems, automobile engine industry, 
heat exchangers, radiation therapy, and more [3]. 
The unsteady flow over a continuously shrinking 
surface with wall mass suction in a water based 
nanofluid containing different type of  nanoparticles: 
CuO, Al2O3 and TiO2 is studied by Azizah et 
al.[4] They found that the flow and heat transfer 
are significantly influenced by the unsteadiness 
and the solid volume fraction parameters for the 
three different nanoparticles CuO, Al2O3 and 
TiO2. Hamad [5] examined the convective flow 
and heat transfer of  an incompressible viscous 
nanofluid past a semi-infinite vertical stretching 
sheet in the presence of  a magnetic field. He 
deduced that the heat transfer rates decrease as 
the nanoparticle volume fraction increases and 
for a selected value of  the nanoparticle volume 
fraction the heat transfer rates decreases as magnetic 
field parameter increases. More significant and 
important contributions can be found in [6-7].

Because of  its important applications many 
researchers investigated aspects of  the bioconvection 
problems in suspensions containing solid particles 
[8]. Kuznetsov [9] recently conducted a series of  
analyzes on the bioconvection of  a nanofluid in 
a suspension containing both nanoparticles and 
microorganisms. He found that the introduction of  
gyrotactic microorganisms to nanofluids is likely to 
improve as a suspension of  their stability. He also 
found that suspensions of  gyrotactic microorganisms 

may exhibit bioconvection, which is a macroscopic 
movement in the fluid caused by swimming or 
the movement of  motile microorganisms. This is 
because the motile microorganisms are typically 
heavier than water so that in response to stimuli 
such as gravity, light, and chemical attractions they 
will move in the upward direction. Relevant studies 
include Alsaedi et al. [10] who also considered 
stratification effects of  Magneto hydrodynamic 
(MHD) bioconvective flow of  nanofluid due to 
gyrotactic microorganisms. Zohra et al. [11] who 
obtained slip, swirl and wall transpiration effects 
of  magneto-bioconvection flow from a rotating 
cone to a Nanofluid with Stefan blowing effects. To 
this end, it is worth mentioning that, according to 
Vadasz [12], bioconvection may have contributed 
to the microsystems that are essential issues in 
many microsystems for the enhancement and 
mixing of  mass transport. 

Micropolar fluids are fluids consisting of  
rigid, randomly oriented, or (spherical) particles 
suspended in a viscous medium, where fluid 
deformation is ignored , studying this kinde of  
fluids required the consideration of  the microscopic 
effects resulting from the local structure and 
micromotions of  the fluid components. Micropolar 
fluid theory provides a mathematical model able 
to explain the non-Newtonian fluid behavior 
such as polymeric fluids, liquid crystals, paints, 
and animal blood. The microrotation of  the 
suspended microparticles suspended inside the 
fluid is explored by micropolar fluid theory. 
Eringen [13] introduced the concept of  simple 
micro fluids to describe condensed suspensions 
of  neutrally buoyant deformable particles in a 
viscous fluid in which the identity of  substructures 
influences the physical effect of  the flow. Lok 
et al. [14] Investigated the theory of  micropolar 
fluids by observing the behavior of  the unsteady 
boundary layer flow of  a micropolar fluid near the 
rear stagnation point of  a plane surface. Sandeep 
and Sulochana [15] studied the unsteady mixed 
convection boundary flow of  a micropolar fluid 
with uniform suction/injection over a stretching/
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shrinking sheet. Also, influence of  the thermal 
radiation interaction of  the boundary layer flow 
of  a micropolar fluid at a heated plate embedded 
in a porous medium with variable heat flux is 
considered by Rahman and Sultana [16].

The earlier studies of  the Darcy model 
concentrated mostly on flow across porous media. 
To obtain accurate results for porous media with 
high permeability the non-Darcy model should 
be considered. Generally, when Temperature 
changes heat flux is produced and the came 
occurs when concentration is changed. These 
phenomena are called Soret and Dufour effects. 
These effects should be taken in consideration 
when studying important applications such as 
the solidification of  binary alloys, groundwater 
pollutant migration, chemical reactors, geosciences 
multi-component melts, oil-reservoirs, isotope 
separation, and in mixture between gases. The 
study of  Dufour and Soret effects are considered 
in many researches. Postelnicu [17] studied the heat 
and mass characteristics of  natural convection on 
a vertical surface embedded in a saturated porous 
medium subjected to a magnetic field. Partha et al. 
[18] investigated the impact of  Soret and Dufour 
effects in a porous non-Darcy medium, for more 
studies of  Dufour and Soret effects see [19-21].

The main purpose of  our study is to present 
a novel non-Darcian model for the Gyrotactic 
Microorganisms and electro-magnetohydrodynamic 
(EMHD) for micropolar bio viscos fluid containing 
different nanoparticles over a stretching surface. 
The human blood is taken as a base fluid and 
four different types of  nano-particles, Copper 
(Cu), Silver (Ag), aluminum oxide (Al2O3) and 
Titanium dioxide (TiO2) are added to the blood. 
Our study also concentrates on the Soret and 
Dufour effects, the impact of  viscous dissipation, 
Joule heating, chemical reaction as well as heat 
and mass transfer. The problem is formulated 
mathematically by a system of  non-linear partial 
differential equations (PDEs). Using suitable 
transformations this system is transformed into a 
non-linear system of  ordinary differential equations 

(ODE) with appropriate boundary conditions. 
The finite difference method technique is used 
to obtain the numerical solution of  the system. 

2. MATHEMATICAL MODELING
Consider a steady two-dimensional flow of  an 

incompressible micropolar biviscosity nanofluid 
over a linearly stretching sheet in a blood-based 
nanofluid containing four different types of  
nano-particles: Cu, Ag, Al2O3 and TiO2. Assume 
B = (0, B0, 0)is the magnetic field acting normally 
on the stretching sheet. The fluid is electrically 
conducting and E = (0, 0, −E0) is the electric field. 
The magnetic and electric fields obey Ohm’s law 
J = σ(E + V × B) where J is the Joule current, 
σ is the electrical conductivity and V represents 
the fluid velocity filed. The induced magnetic field 
can be neglected. The governing equations are the 
continuity equation, the momentum equation, the 
angular momentum equation, the energy equation, 
microorganism equation and the concentration 
equation. Also, Maxwell’s and Ohm’s law as well 
as the Brinkman-Forchheimer extended Darcy 
model [22] will be taken in consideration during 
this formulation.
The biviscosity model is [23]:
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physical properties of base fluid and nano-particles as follows: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑓𝑓
(1−𝜙𝜙)2.5 ,                                                                                                                                      (3) 

(Here, 𝜙𝜙 is the solid volume fraction of the nanoparticles, and 𝜇𝜇𝑓𝑓is the dynamic viscosity of the base 
fluid) 

 component 
of  the deformation rate and the value of  

4 
 

fluid and four different types of nano-particles, Copper (Cu), Silver (Ag), aluminum oxide ( 

𝐴𝐴𝑙𝑙2𝑂𝑂3) and Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) are added to the blood. Our study also concentrates on the 

Soret and Dufour effects, the impact of viscous dissipation, Joule heating, chemical reaction as 

well as heat and mass transfer. The problem is formulated mathematically by a system of non-

linear partial differential equations (PDEs). Using suitable transformations this system is 

transformed into a non-linear system of ordinary differential equations (ODE) with appropriate 

boundary conditions. The finite difference method technique is used to obtain the numerical 

solution of the system.  
 

2.   Mathematical Modeling 
 

         Consider a steady two-dimensional flow of an incompressible micropolar biviscosity nanofluid 

over a linearly stretching sheet in a blood-based nanofluid containing four different types of nano-

particles:𝐶𝐶𝐶𝐶,𝐴𝐴𝐴𝐴, 𝐴𝐴𝑙𝑙2𝑂𝑂3and𝑇𝑇𝑇𝑇𝑂𝑂2. Assume 𝐵𝐵 = (0, 𝐵𝐵𝑂𝑂, 0) is the magnetic field acting normally on the 

stretching sheet. The fluid is electrically conducting and 𝐸𝐸 = (0,0, −𝐸𝐸0) is the electric field. The 

magnetic and electric fields obey Ohm’s law 𝐽𝐽 = 𝜎𝜎(𝐸𝐸 + 𝑉𝑉 × 𝐵𝐵) where 𝐽𝐽 is the Joule current, 𝜎𝜎is the 

electrical conductivity and 𝑉𝑉 represents the fluid velocity filed. The induced magnetic field can be 

neglected. The governing equations are the continuity equation, the momentum equation, the angular 

momentum equation, the energy equation, microorganism equation and the concentration equation. 

Also, Maxwell’s and Ohm’s law as well as the Brinkman-Forchheimer extended Darcy model [22] will 

be taken in consideration during this formulation. 

 

The biviscosity model is [23]: 

𝜏𝜏𝑖𝑖𝑖𝑖  = {
2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦

√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≻ 𝜋𝜋𝑐𝑐

2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦
√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≺ 𝜋𝜋𝑐𝑐

}.                                                                                               (1) 

Also introduce the non-dimensional parameter including: 

 𝛽𝛽 = (𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛√2𝜋𝜋𝑐𝑐
𝑝𝑝𝑦𝑦

.                                                                                                                                    (2) 

where 𝜇𝜇𝐵𝐵is the plastic viscosity, 𝑝𝑝𝑦𝑦 is the yielding stress,  𝜋𝜋 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖 , where 𝑒𝑒𝑖𝑖𝑖𝑖 is the (𝑖𝑖, 𝑗𝑗) component 

of the deformation rate and the value of 𝛽𝛽 denotes the upper limit of apparent viscosity coefficient. 

Following Mekheimer et al. [24] and Brinkman [22] we can write the relationship between thermo-

physical properties of base fluid and nano-particles as follows: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑓𝑓
(1−𝜙𝜙)2.5 ,                                                                                                                                      (3) 

(Here, 𝜙𝜙 is the solid volume fraction of the nanoparticles, and 𝜇𝜇𝑓𝑓is the dynamic viscosity of the base 
fluid) 

 denotes 
the upper limit of  apparent viscosity coefficient.
Following Mekheimer et al. [24] and Brinkman 
[22] we can write the relationship between 
thermo-physical properties of  base fluid and 
nano-particles as follows:

4 
 

fluid and four different types of nano-particles, Copper (Cu), Silver (Ag), aluminum oxide ( 

𝐴𝐴𝑙𝑙2𝑂𝑂3) and Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) are added to the blood. Our study also concentrates on the 

Soret and Dufour effects, the impact of viscous dissipation, Joule heating, chemical reaction as 

well as heat and mass transfer. The problem is formulated mathematically by a system of non-

linear partial differential equations (PDEs). Using suitable transformations this system is 

transformed into a non-linear system of ordinary differential equations (ODE) with appropriate 

boundary conditions. The finite difference method technique is used to obtain the numerical 

solution of the system.  
 

2.   Mathematical Modeling 
 

         Consider a steady two-dimensional flow of an incompressible micropolar biviscosity nanofluid 

over a linearly stretching sheet in a blood-based nanofluid containing four different types of nano-

particles:𝐶𝐶𝐶𝐶,𝐴𝐴𝐴𝐴, 𝐴𝐴𝑙𝑙2𝑂𝑂3and𝑇𝑇𝑇𝑇𝑂𝑂2. Assume 𝐵𝐵 = (0, 𝐵𝐵𝑂𝑂, 0) is the magnetic field acting normally on the 

stretching sheet. The fluid is electrically conducting and 𝐸𝐸 = (0,0, −𝐸𝐸0) is the electric field. The 

magnetic and electric fields obey Ohm’s law 𝐽𝐽 = 𝜎𝜎(𝐸𝐸 + 𝑉𝑉 × 𝐵𝐵) where 𝐽𝐽 is the Joule current, 𝜎𝜎is the 

electrical conductivity and 𝑉𝑉 represents the fluid velocity filed. The induced magnetic field can be 

neglected. The governing equations are the continuity equation, the momentum equation, the angular 

momentum equation, the energy equation, microorganism equation and the concentration equation. 

Also, Maxwell’s and Ohm’s law as well as the Brinkman-Forchheimer extended Darcy model [22] will 

be taken in consideration during this formulation. 

 

The biviscosity model is [23]: 

𝜏𝜏𝑖𝑖𝑖𝑖  = {
2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦

√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≻ 𝜋𝜋𝑐𝑐

2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦
√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≺ 𝜋𝜋𝑐𝑐

}.                                                                                               (1) 

Also introduce the non-dimensional parameter including: 

 𝛽𝛽 = (𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛√2𝜋𝜋𝑐𝑐
𝑝𝑝𝑦𝑦

.                                                                                                                                    (2) 

where 𝜇𝜇𝐵𝐵is the plastic viscosity, 𝑝𝑝𝑦𝑦 is the yielding stress,  𝜋𝜋 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖 , where 𝑒𝑒𝑖𝑖𝑖𝑖 is the (𝑖𝑖, 𝑗𝑗) component 

of the deformation rate and the value of 𝛽𝛽 denotes the upper limit of apparent viscosity coefficient. 

Following Mekheimer et al. [24] and Brinkman [22] we can write the relationship between thermo-

physical properties of base fluid and nano-particles as follows: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑓𝑓
(1−𝜙𝜙)2.5 ,                                                                                                                                      (3) 

(Here, 𝜙𝜙 is the solid volume fraction of the nanoparticles, and 𝜇𝜇𝑓𝑓is the dynamic viscosity of the base 
fluid) 

			   (3)



Chiang Mai J. Sci. 2021; 48(5)	 1415

(Here,

4 
 

fluid and four different types of nano-particles, Copper (Cu), Silver (Ag), aluminum oxide ( 

𝐴𝐴𝑙𝑙2𝑂𝑂3) and Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) are added to the blood. Our study also concentrates on the 

Soret and Dufour effects, the impact of viscous dissipation, Joule heating, chemical reaction as 

well as heat and mass transfer. The problem is formulated mathematically by a system of non-

linear partial differential equations (PDEs). Using suitable transformations this system is 

transformed into a non-linear system of ordinary differential equations (ODE) with appropriate 

boundary conditions. The finite difference method technique is used to obtain the numerical 

solution of the system.  
 

2.   Mathematical Modeling 
 

         Consider a steady two-dimensional flow of an incompressible micropolar biviscosity nanofluid 

over a linearly stretching sheet in a blood-based nanofluid containing four different types of nano-

particles:𝐶𝐶𝐶𝐶,𝐴𝐴𝐴𝐴, 𝐴𝐴𝑙𝑙2𝑂𝑂3and𝑇𝑇𝑇𝑇𝑂𝑂2. Assume 𝐵𝐵 = (0, 𝐵𝐵𝑂𝑂, 0) is the magnetic field acting normally on the 

stretching sheet. The fluid is electrically conducting and 𝐸𝐸 = (0,0, −𝐸𝐸0) is the electric field. The 

magnetic and electric fields obey Ohm’s law 𝐽𝐽 = 𝜎𝜎(𝐸𝐸 + 𝑉𝑉 × 𝐵𝐵) where 𝐽𝐽 is the Joule current, 𝜎𝜎is the 

electrical conductivity and 𝑉𝑉 represents the fluid velocity filed. The induced magnetic field can be 

neglected. The governing equations are the continuity equation, the momentum equation, the angular 

momentum equation, the energy equation, microorganism equation and the concentration equation. 

Also, Maxwell’s and Ohm’s law as well as the Brinkman-Forchheimer extended Darcy model [22] will 

be taken in consideration during this formulation. 

 

The biviscosity model is [23]: 

𝜏𝜏𝑖𝑖𝑖𝑖  = {
2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦

√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≻ 𝜋𝜋𝑐𝑐

2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦
√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≺ 𝜋𝜋𝑐𝑐

}.                                                                                               (1) 

Also introduce the non-dimensional parameter including: 

 𝛽𝛽 = (𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛√2𝜋𝜋𝑐𝑐
𝑝𝑝𝑦𝑦

.                                                                                                                                    (2) 

where 𝜇𝜇𝐵𝐵is the plastic viscosity, 𝑝𝑝𝑦𝑦 is the yielding stress,  𝜋𝜋 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖 , where 𝑒𝑒𝑖𝑖𝑖𝑖 is the (𝑖𝑖, 𝑗𝑗) component 

of the deformation rate and the value of 𝛽𝛽 denotes the upper limit of apparent viscosity coefficient. 

Following Mekheimer et al. [24] and Brinkman [22] we can write the relationship between thermo-

physical properties of base fluid and nano-particles as follows: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑓𝑓
(1−𝜙𝜙)2.5 ,                                                                                                                                      (3) 

(Here, 𝜙𝜙 is the solid volume fraction of the nanoparticles, and 𝜇𝜇𝑓𝑓is the dynamic viscosity of the base 
fluid) 

is the solid volume fraction of  the 
nanoparticles, and 

4 
 

fluid and four different types of nano-particles, Copper (Cu), Silver (Ag), aluminum oxide ( 

𝐴𝐴𝑙𝑙2𝑂𝑂3) and Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) are added to the blood. Our study also concentrates on the 

Soret and Dufour effects, the impact of viscous dissipation, Joule heating, chemical reaction as 

well as heat and mass transfer. The problem is formulated mathematically by a system of non-

linear partial differential equations (PDEs). Using suitable transformations this system is 

transformed into a non-linear system of ordinary differential equations (ODE) with appropriate 

boundary conditions. The finite difference method technique is used to obtain the numerical 

solution of the system.  
 

2.   Mathematical Modeling 
 

         Consider a steady two-dimensional flow of an incompressible micropolar biviscosity nanofluid 

over a linearly stretching sheet in a blood-based nanofluid containing four different types of nano-

particles:𝐶𝐶𝐶𝐶,𝐴𝐴𝐴𝐴, 𝐴𝐴𝑙𝑙2𝑂𝑂3and𝑇𝑇𝑇𝑇𝑂𝑂2. Assume 𝐵𝐵 = (0, 𝐵𝐵𝑂𝑂, 0) is the magnetic field acting normally on the 

stretching sheet. The fluid is electrically conducting and 𝐸𝐸 = (0,0, −𝐸𝐸0) is the electric field. The 

magnetic and electric fields obey Ohm’s law 𝐽𝐽 = 𝜎𝜎(𝐸𝐸 + 𝑉𝑉 × 𝐵𝐵) where 𝐽𝐽 is the Joule current, 𝜎𝜎is the 

electrical conductivity and 𝑉𝑉 represents the fluid velocity filed. The induced magnetic field can be 

neglected. The governing equations are the continuity equation, the momentum equation, the angular 

momentum equation, the energy equation, microorganism equation and the concentration equation. 

Also, Maxwell’s and Ohm’s law as well as the Brinkman-Forchheimer extended Darcy model [22] will 

be taken in consideration during this formulation. 

 

The biviscosity model is [23]: 

𝜏𝜏𝑖𝑖𝑖𝑖  = {
2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦

√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≻ 𝜋𝜋𝑐𝑐

2 ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑝𝑝𝑦𝑦
√2𝜋𝜋) 𝑒𝑒𝑖𝑖𝑖𝑖, 𝜋𝜋 ≺ 𝜋𝜋𝑐𝑐

}.                                                                                               (1) 

Also introduce the non-dimensional parameter including: 

 𝛽𝛽 = (𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛√2𝜋𝜋𝑐𝑐
𝑝𝑝𝑦𝑦

.                                                                                                                                    (2) 

where 𝜇𝜇𝐵𝐵is the plastic viscosity, 𝑝𝑝𝑦𝑦 is the yielding stress,  𝜋𝜋 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖 , where 𝑒𝑒𝑖𝑖𝑖𝑖 is the (𝑖𝑖, 𝑗𝑗) component 

of the deformation rate and the value of 𝛽𝛽 denotes the upper limit of apparent viscosity coefficient. 

Following Mekheimer et al. [24] and Brinkman [22] we can write the relationship between thermo-

physical properties of base fluid and nano-particles as follows: 

𝜇𝜇𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑓𝑓
(1−𝜙𝜙)2.5 ,                                                                                                                                      (3) 

(Here, 𝜙𝜙 is the solid volume fraction of the nanoparticles, and 𝜇𝜇𝑓𝑓is the dynamic viscosity of the base 
fluid) 

 is the dynamic viscosity 
of  the base fluid)
 

5 
 

  
(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓
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heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 
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3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 
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𝐶𝐶∞ respectively.  
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heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 
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heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 
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3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 
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𝐶𝐶∞ respectively.  
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Continuity equation 
𝜕𝜕 𝑢𝑢
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is the thermal conductivity of  the nanofluid. The 
thermo-physical properties of  the four types of  
the metallic nano-particles and blood are given 
in the following table:

3. BASIC EQUATIONS
Choose the Cartesian coordinate system 

such that x- axis along the stretching sheet and 
y-axis is taken normal to it, u and v are the fluid 
velocity components in the x and y - direction 
respectively. Assume the density of  the motile 
microorganisms, temperature and nanoparticle 

volume fraction at the stretching surface are Nw, 
Tw and, Cw respectively, and those of  the ambient 
nanofluid are N∞, T∞ and C∞ respectively. 

T h e  t w o - d i m e n s i o n a l 
electromagnetohydrodynamic (EMHD) boundary 
layer flow equations for the considered incompressible 
micropolar biviscosity Nanofluid can be written 
on the following form: 
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Momentum equation  

			   (9)

Momentum equation 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 
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Angular momentum equation
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

						    
						      (11)
Energy equation:
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

					     (12) 

Table 1. Physical properties of  nanoparticles and blood. 

Physical property Blood Cu Ag Al2O3 TIO2

5 
 

  
(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

= (𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)−2𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)+𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠) .                                                                                                                        (8) 

where 𝑘𝑘𝑛𝑛𝑛𝑛 is the thermal conductivity of the nanofluid, 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑠𝑠 are the thermal conductivities of the 

base fluid  and of the nano particles respectively, 𝜌𝜌𝑠𝑠 is the particles density,  (𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠 are the 

heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 

 

Table 1. Physical properties of nanoparticles and blood.  

Physical property 
 

Blood Cu 
 

Ag 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

𝜌𝜌(𝑚𝑚−3𝐾𝐾𝐾𝐾) 1060 8933 10500 3970 4250 

𝐶𝐶𝑝𝑝(𝐾𝐾−1𝐽𝐽𝐽𝐽𝑔𝑔−1) 3770 385 235 765 686.2 

𝑘𝑘(𝐾𝐾−1𝑊𝑊𝑚𝑚−1) 0.492 401 429 40 8.9538 

𝜙𝜙 0.000 0.05 0.10 0.15 0.20 

𝜎𝜎(𝑠𝑠. 𝑚𝑚−1) 4.3 × 10−5 59.6 × 106 6.6 × 10−7 35 × 106 2.6 × 106 

 

 

3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 

Assume the density of the motile microorganisms, temperature and nanoparticle volume fraction at the 

stretching surface are 𝑁𝑁𝑤𝑤 ,𝑇𝑇𝑤𝑤 and𝐶𝐶𝑤𝑤, respectively, and those of the ambient nanofluid are 𝑁𝑁∞,𝑇𝑇∞ and 

𝐶𝐶∞ respectively.  

The two-dimensional electromagnetohydrodynamic (EMHD) boundary layer flow equations for the 

considered incompressible micropolar biviscosity Nanofluid can be written on the following form:  

Continuity equation 
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥  + 𝜕𝜕 𝑣𝑣

𝜕𝜕 𝑦𝑦  =  0 ,                                                                                                                                   (9) 

Momentum equation  

1060 8933 10500 3970 4250

5 
 

  
(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

= (𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)−2𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)+𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠) .                                                                                                                        (8) 

where 𝑘𝑘𝑛𝑛𝑛𝑛 is the thermal conductivity of the nanofluid, 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑠𝑠 are the thermal conductivities of the 

base fluid  and of the nano particles respectively, 𝜌𝜌𝑠𝑠 is the particles density,  (𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠 are the 

heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 

 

Table 1. Physical properties of nanoparticles and blood.  

Physical property 
 

Blood Cu 
 

Ag 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

𝜌𝜌(𝑚𝑚−3𝐾𝐾𝐾𝐾) 1060 8933 10500 3970 4250 

𝐶𝐶𝑝𝑝(𝐾𝐾−1𝐽𝐽𝐽𝐽𝑔𝑔−1) 3770 385 235 765 686.2 

𝑘𝑘(𝐾𝐾−1𝑊𝑊𝑚𝑚−1) 0.492 401 429 40 8.9538 

𝜙𝜙 0.000 0.05 0.10 0.15 0.20 

𝜎𝜎(𝑠𝑠. 𝑚𝑚−1) 4.3 × 10−5 59.6 × 106 6.6 × 10−7 35 × 106 2.6 × 106 

 

 

3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 

Assume the density of the motile microorganisms, temperature and nanoparticle volume fraction at the 

stretching surface are 𝑁𝑁𝑤𝑤 ,𝑇𝑇𝑤𝑤 and𝐶𝐶𝑤𝑤, respectively, and those of the ambient nanofluid are 𝑁𝑁∞,𝑇𝑇∞ and 

𝐶𝐶∞ respectively.  

The two-dimensional electromagnetohydrodynamic (EMHD) boundary layer flow equations for the 

considered incompressible micropolar biviscosity Nanofluid can be written on the following form:  

Continuity equation 
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥  + 𝜕𝜕 𝑣𝑣

𝜕𝜕 𝑦𝑦  =  0 ,                                                                                                                                   (9) 

Momentum equation  

3770 385 235 765 686.2

5 
 

  
(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

= (𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)−2𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)+𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠) .                                                                                                                        (8) 

where 𝑘𝑘𝑛𝑛𝑛𝑛 is the thermal conductivity of the nanofluid, 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑠𝑠 are the thermal conductivities of the 

base fluid  and of the nano particles respectively, 𝜌𝜌𝑠𝑠 is the particles density,  (𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠 are the 

heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 

 

Table 1. Physical properties of nanoparticles and blood.  

Physical property 
 

Blood Cu 
 

Ag 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

𝜌𝜌(𝑚𝑚−3𝐾𝐾𝐾𝐾) 1060 8933 10500 3970 4250 

𝐶𝐶𝑝𝑝(𝐾𝐾−1𝐽𝐽𝐽𝐽𝑔𝑔−1) 3770 385 235 765 686.2 

𝑘𝑘(𝐾𝐾−1𝑊𝑊𝑚𝑚−1) 0.492 401 429 40 8.9538 

𝜙𝜙 0.000 0.05 0.10 0.15 0.20 

𝜎𝜎(𝑠𝑠. 𝑚𝑚−1) 4.3 × 10−5 59.6 × 106 6.6 × 10−7 35 × 106 2.6 × 106 

 

 

3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 

Assume the density of the motile microorganisms, temperature and nanoparticle volume fraction at the 

stretching surface are 𝑁𝑁𝑤𝑤 ,𝑇𝑇𝑤𝑤 and𝐶𝐶𝑤𝑤, respectively, and those of the ambient nanofluid are 𝑁𝑁∞,𝑇𝑇∞ and 

𝐶𝐶∞ respectively.  

The two-dimensional electromagnetohydrodynamic (EMHD) boundary layer flow equations for the 

considered incompressible micropolar biviscosity Nanofluid can be written on the following form:  

Continuity equation 
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥  + 𝜕𝜕 𝑣𝑣

𝜕𝜕 𝑦𝑦  =  0 ,                                                                                                                                   (9) 

Momentum equation  

0.492 401 429 40 8.9538
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(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

= (𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)−2𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)+𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠) .                                                                                                                        (8) 

where 𝑘𝑘𝑛𝑛𝑛𝑛 is the thermal conductivity of the nanofluid, 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑠𝑠 are the thermal conductivities of the 

base fluid  and of the nano particles respectively, 𝜌𝜌𝑠𝑠 is the particles density,  (𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠 are the 

heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 

 

Table 1. Physical properties of nanoparticles and blood.  

Physical property 
 

Blood Cu 
 

Ag 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

𝜌𝜌(𝑚𝑚−3𝐾𝐾𝐾𝐾) 1060 8933 10500 3970 4250 

𝐶𝐶𝑝𝑝(𝐾𝐾−1𝐽𝐽𝐽𝐽𝑔𝑔−1) 3770 385 235 765 686.2 

𝑘𝑘(𝐾𝐾−1𝑊𝑊𝑚𝑚−1) 0.492 401 429 40 8.9538 

𝜙𝜙 0.000 0.05 0.10 0.15 0.20 

𝜎𝜎(𝑠𝑠. 𝑚𝑚−1) 4.3 × 10−5 59.6 × 106 6.6 × 10−7 35 × 106 2.6 × 106 

 

 

3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 

Assume the density of the motile microorganisms, temperature and nanoparticle volume fraction at the 

stretching surface are 𝑁𝑁𝑤𝑤 ,𝑇𝑇𝑤𝑤 and𝐶𝐶𝑤𝑤, respectively, and those of the ambient nanofluid are 𝑁𝑁∞,𝑇𝑇∞ and 

𝐶𝐶∞ respectively.  

The two-dimensional electromagnetohydrodynamic (EMHD) boundary layer flow equations for the 

considered incompressible micropolar biviscosity Nanofluid can be written on the following form:  

Continuity equation 
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥  + 𝜕𝜕 𝑣𝑣

𝜕𝜕 𝑦𝑦  =  0 ,                                                                                                                                   (9) 

Momentum equation  

0.000 0.05 0.10 0.15 0.20
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(𝜌𝜌)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌)𝑓𝑓 + 𝜙𝜙(𝜌𝜌)𝑠𝑠,                                                                                                            (4) 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠                                                                                                  (5) 

𝜐𝜐𝑛𝑛𝑛𝑛 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜌𝜌𝑛𝑛𝑛𝑛

,                                                                                                                                              (6) 

𝛼𝛼𝑛𝑛𝑛𝑛 = 𝑘𝑘𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

,                                                                                                                                        (7) 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

= (𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)−2𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠)
(𝑘𝑘𝑠𝑠+𝑘𝑘𝑓𝑓)+𝜙𝜙(𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠) .                                                                                                                        (8) 

where 𝑘𝑘𝑛𝑛𝑛𝑛 is the thermal conductivity of the nanofluid, 𝑘𝑘𝑓𝑓 and 𝑘𝑘𝑠𝑠 are the thermal conductivities of the 

base fluid  and of the nano particles respectively, 𝜌𝜌𝑠𝑠 is the particles density,  (𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠 are the 

heat capacity of the base fluid and the effective heat capacity of a nanoparticle, respectively, 𝑘𝑘𝑛𝑛𝑛𝑛 is the 

thermal conductivity of the nanofluid. The thermo-physical properties of the four types of the metallic 

nano-particles and blood are given in the following table: 

 

Table 1. Physical properties of nanoparticles and blood.  

Physical property 
 

Blood Cu 
 

Ag 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

𝜌𝜌(𝑚𝑚−3𝐾𝐾𝐾𝐾) 1060 8933 10500 3970 4250 

𝐶𝐶𝑝𝑝(𝐾𝐾−1𝐽𝐽𝐽𝐽𝑔𝑔−1) 3770 385 235 765 686.2 

𝑘𝑘(𝐾𝐾−1𝑊𝑊𝑚𝑚−1) 0.492 401 429 40 8.9538 

𝜙𝜙 0.000 0.05 0.10 0.15 0.20 

𝜎𝜎(𝑠𝑠. 𝑚𝑚−1) 4.3 × 10−5 59.6 × 106 6.6 × 10−7 35 × 106 2.6 × 106 

 

 

3.    Basic equations 
        Choose the Cartesian coordinate system such that 𝑥𝑥 - axis along the stretching sheet and 𝑦𝑦 -axis is 

taken normal to it, 𝑢𝑢 and𝑣𝑣 are the fluid velocity components in the𝑥𝑥 and 𝑦𝑦 - direction respectively. 

Assume the density of the motile microorganisms, temperature and nanoparticle volume fraction at the 

stretching surface are 𝑁𝑁𝑤𝑤 ,𝑇𝑇𝑤𝑤 and𝐶𝐶𝑤𝑤, respectively, and those of the ambient nanofluid are 𝑁𝑁∞,𝑇𝑇∞ and 

𝐶𝐶∞ respectively.  

The two-dimensional electromagnetohydrodynamic (EMHD) boundary layer flow equations for the 

considered incompressible micropolar biviscosity Nanofluid can be written on the following form:  

Continuity equation 
𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥  + 𝜕𝜕 𝑣𝑣

𝜕𝜕 𝑦𝑦  =  0 ,                                                                                                                                   (9) 

Momentum equation  

4.3 × 10−5 59.6 × 106 6.6 × 10−7 3.5 × 106 2.6 × 106
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

						      (13)

Concentration equation

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

					     (14)

where u and v are the fluid velocity and the normal 
velocity components in the x and y orientations, 
respectively; 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 , 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 and 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 are the nanofluid 
kinematic viscosity, nanofluid density and the 
effective dynamic viscosity of  the nanofluid 
respectively; T, C, 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 and 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 are the 
temperature of  the fluid in the boundary layer, fluid 
solutal concentration, the thermal diffusivity of  
the nanofluid and the nanofluid heat capacitance 
respectively; 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

, 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

, 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

, 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 , 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

, 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 , 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

, F 
and 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 are the density of  the base fluid, the mass 
diffusivity of  concentration, thermal diffusion 
ratio, concentration susceptibility, specific heat 
of  the fluid at constant pressure, mean fluid 
temperature, permeability parameter, dimensional 
Forchheimer constant and the chemical reaction 
parameter, respectively. Where, 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 is the vortex 
viscosity coefficient, 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 is the component of  
the micro rotation vector 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 normal to the x, 
y – axes, 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 is the micro inertia density. 

The spin gradient 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 can be defined as:

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

					                , (15) 

where 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 is the material parameter, 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

is the micro inertia constant. 

The boundary conditions are as follows:

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

6 
 

𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

	
						      (16) 
Where, c is the surface stretching constant and 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 its velocity.
Here for 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

 we retrieve the case of  viscous 
fluid. The boundary parameter n has range 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents 

. It should be noted that when n=0 
(called strong concentration) then 
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𝑢𝑢 (𝜕𝜕 𝑢𝑢
𝜕𝜕 𝑥𝑥) +  𝑣𝑣 (𝜕𝜕 𝑢𝑢

𝜕𝜕 𝑦𝑦) = 1
𝜌𝜌𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) 𝜕𝜕

2𝑢𝑢
𝜕𝜕 𝑦𝑦2 + 𝑘𝑘∗

𝜌𝜌𝑛𝑛𝑛𝑛
(𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) + 

                     𝜎𝜎
 𝜌𝜌𝑛𝑛𝑛𝑛

(𝐸𝐸𝑜𝑜𝐵𝐵𝑜𝑜 − 𝐵𝐵2
𝑜𝑜𝑢𝑢) − 𝜐𝜐𝑛𝑛𝑛𝑛

𝑘𝑘 𝑢𝑢 − 𝐹𝐹
𝑘𝑘 𝑢𝑢2,                                                                            (10)                                         

Angular momentum equation 

𝜌𝜌𝑛𝑛𝑛𝑛𝑗𝑗 (𝑢𝑢
𝜕𝜕𝑁𝑁 ∗

𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N∗

𝜕𝜕 𝑦𝑦 ) = 𝛾𝛾∗ 𝜕𝜕2 N∗

𝜕𝜕 𝑦𝑦2 − 𝑘𝑘 (2N∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                             (11)                                          

Energy equation: 

𝑢𝑢 𝜕𝜕 𝑇𝑇
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕  =   𝛼𝛼𝑛𝑛𝑛𝑛  𝜕𝜕
2 𝑇𝑇

𝜕𝜕 𝑦𝑦2   + 𝜏𝜏𝑛𝑛𝑛𝑛 (𝐷𝐷𝐵𝐵  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝐷𝐷𝑇𝑇

𝑇𝑇∞
(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2) + 

+ 1
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
2

+  𝜎𝜎
(𝜌𝜌𝜌𝜌)𝑛𝑛𝑛𝑛

(𝐵𝐵𝑜𝑜𝑢𝑢 − 𝐸𝐸𝑜𝑜)2 + 𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇
𝐶𝐶𝑠𝑠(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑦𝑦2 .                                   (12)                          

                                                                                                            
Gyrotactic microorganism equation                                                                

 𝑢𝑢 𝜕𝜕𝑁𝑁
𝜕𝜕𝑥𝑥 + 𝜈𝜈 𝜕𝜕 N

𝜕𝜕 𝑦𝑦 = 𝐷𝐷𝑚𝑚
𝜕𝜕2 N
𝜕𝜕 𝑦𝑦2 − 𝑏𝑏𝑊𝑊𝑐𝑐

𝐶𝐶𝑤𝑤−𝐶𝐶∞
(𝑁𝑁 𝜕𝜕2𝐶𝐶

𝜕𝜕 𝑦𝑦2 + 𝜕𝜕 N
𝜕𝜕 𝑦𝑦

𝜕𝜕𝜕𝜕
𝜕𝜕 𝑦𝑦)                                                                           (13)                  

Concentration equation 

𝑢𝑢 𝜕𝜕 𝐶𝐶
𝜕𝜕 𝑥𝑥  +  𝑣𝑣 𝜕𝜕 𝐶𝐶

𝜕𝜕 𝑦𝑦  =   𝐷𝐷𝐵𝐵  𝜕𝜕
2𝐶𝐶

𝜕𝜕 𝑦𝑦2  + 𝐷𝐷𝑇𝑇
𝑇𝑇∞

(𝜕𝜕
2𝑇𝑇

𝜕𝜕𝑦𝑦2) + 𝐷𝐷𝐵𝐵𝑘𝑘𝑇𝑇
𝑇𝑇𝑚𝑚

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 + 𝑘𝑘∘(𝐶𝐶 − 𝐶𝐶∞),                                                  (14) 

 
where  u and v are the fluid velocity and the normal velocity components in the x and y orientations, 

respectively; 𝜐𝜐𝑛𝑛𝑛𝑛 , 𝜌𝜌𝑛𝑛𝑛𝑛 and 𝜇𝜇𝑛𝑛𝑛𝑛 are the nanofluid kinematic viscosity, nanofluid density and the effective 

dynamic viscosity of the nanofluid  respectively;𝑇𝑇, 𝐶𝐶, 𝛼𝛼𝑛𝑛𝑛𝑛and (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are the temperature of the fluid 

in the boundary layer, fluid solutal concentration, the thermal diffusivity of the nanofluid and the 

nanofluid heat capacitance respectively; 𝜌𝜌 , 𝐷𝐷𝐵𝐵, 𝑘𝑘𝑇𝑇 , 𝐶𝐶𝑠𝑠,(𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛, 𝑇𝑇𝑚𝑚,𝑘𝑘, F and 𝑘𝑘∘ are the density of the 

base fluid, the mass diffusivity of concentration, thermal diffusion ratio, concentration susceptibility, 

specific heat of the fluid at constant pressure, mean fluid temperature, permeability parameter, 

dimensional Forchheimer constant and the chemical reaction parameter, respectively. Where,  𝑘𝑘∗ is the 

vortex viscosity coefficient, 𝑁𝑁∗is the component of the micro rotation vector 𝑁⃗⃗𝑁 ∗normal to the x, y – 

axes, 𝑗𝑗 is the micro inertia density.  

The spin gradient 𝛾𝛾𝑛𝑛𝑛𝑛
∗  can be defined as: 

𝛾𝛾𝑛𝑛𝑛𝑛
∗ = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛 + 𝑘𝑘∗

2 ) 𝑗𝑗 = (𝜇𝜇𝐵𝐵)𝑓𝑓
(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑗𝑗,                                                                      (15)                                                

where 𝐾𝐾 = 𝑘𝑘∗

(𝜇𝜇𝐵𝐵)𝑓𝑓
 is the material parameter, 𝑗𝑗 = 𝜐𝜐𝑛𝑛𝑛𝑛

𝑐𝑐  is the micro inertia constant.  

The boundary conditions are as follows: 

0 : , ( ) ,w wy v v u U x cx    𝑁𝑁∗ = −𝑛𝑛 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ; 𝑇𝑇 = 𝑇𝑇𝑤𝑤, 𝐶𝐶 = 𝐶𝐶𝑤𝑤, 𝑁𝑁 = 𝑁𝑁𝑤𝑤,  

 𝑦𝑦 → ∞:𝑢𝑢 → 0,𝑁𝑁∗ → 0, 𝐶𝐶 → 𝐶𝐶∞, 𝑇𝑇 → 𝑇𝑇∞,𝑁𝑁 → 𝑁𝑁∞.                                                                            (16)                                                                                                   

Where, c is the surface stretching constant and 𝑣𝑣𝑊𝑊 its velocity. 

Here for 𝑘𝑘∗ = 0 we retrieve the case of viscous fluid. The boundary parameter n has range0 ≺ 𝑛𝑛 ≺ 1. 

It should be noted that when n=0 (called strong concentration) then𝑁𝑁∗ = 0 near the wall. This represents  near 
the wall. This represents the concentrated particle 
flows in which the microelements close to the wall 
surface are unable to rotate. The case 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

						     (17)
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

 is the stream function defined as
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

						     (18)
By using (17) and (18), the continuity equation 
is satisfied identically the governing equations 
(10), (11), (12), (13), (14) and (5) along with the 
boundary conditions (16) are reduced to the 
following nondimensional form:
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓
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magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞
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𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
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; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +
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𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 
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1
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(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

 						      (19)
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

						      (23)

Using the transformation (17) the boundary 
conditions (16) take the following form:
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞
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𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +
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) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

						      (24) 

 Here, 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

, 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

, 

7 
 

the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

, 

7 
 

the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

 are the dimensionless 

velocity, temperature, dimensionless microrotation 

(angular velocity), dimensionless Gyrotactic 

microorganism and concentration, respectively, 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

 is the magnetic field parameter, 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 

 is the electric parameter, 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
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; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl  is the Darcy 

number and 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl the local Reynolds 

number. Here 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl  is the Prandtl number, 
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number, 𝑁𝑁𝑁𝑁 = (𝜌𝜌𝜌𝜌)𝑝𝑝𝐷𝐷𝐵𝐵(𝐶𝐶𝑤𝑤−𝐶𝐶∞)
(𝜌𝜌𝜌𝜌)𝑓𝑓𝜐𝜐𝑓𝑓

 is the Brownian motion parameter, 𝑁𝑁𝑁𝑁 = (𝜌𝜌𝜌𝜌)𝑝𝑝𝐷𝐷𝑇𝑇(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
𝑇𝑇∞(𝜌𝜌𝜌𝜌)𝑓𝑓𝜐𝜐𝑓𝑓

 is the 

thermophoresis parameter, 𝐷𝐷𝑢𝑢 =
𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇(𝐶𝐶𝑤𝑤−𝐶𝐶∞)

𝐶𝐶𝑠𝑠(𝐶𝐶𝑝𝑝)𝑓𝑓𝜐𝜐𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
 is the Duffor number, 𝐸𝐸𝑐𝑐 =

𝑢𝑢𝑤𝑤2
𝑐𝑐𝑝𝑝(𝑇𝑇𝑤𝑤−𝑇𝑇∞)

 is the Eckert 

number, 𝑆𝑆𝑟𝑟 =
𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
𝑇𝑇𝑚𝑚𝜐𝜐𝑓𝑓(𝐶𝐶𝑤𝑤−𝐶𝐶∞)

 is the Soret number, 𝐿𝐿𝐿𝐿 = 𝜐𝜐𝑓𝑓
𝐷𝐷𝑚𝑚

 is the bioconvection Schimdt number , 𝐿𝐿𝑒𝑒 =
𝜐𝜐𝑓𝑓
𝐷𝐷𝐵𝐵

 is the Lewis number , 𝛾𝛾 = 𝑘𝑘0
𝑐𝑐  is chemical reaction parameter, 𝑃𝑃𝑒𝑒 =

𝑏𝑏𝑊𝑊𝑐𝑐
𝐷𝐷𝑚𝑚

 is the bioconvection Péclet 

number and 𝛺𝛺 = 𝑁𝑁∞
(𝑁𝑁𝑤𝑤−𝑁𝑁∞)

 is the Microorganism concentration difference parameter. We also 

have𝐷𝐷𝑚𝑚,𝐷𝐷𝐵𝐵,𝐷𝐷𝑇𝑇, 𝜏𝜏 =
(𝜌𝜌𝜌𝜌)𝑝𝑝
(𝜌𝜌𝜌𝜌)𝑓𝑓

 , which represents variable diffusivity of microorganisms, the Brownian 

diffusion coefficient, the thermophoresis diffusion coefficient, the ratio between the effective heat 

transfer capacity of the ultrafine nanoparticle material and the heat capacity of the fluid.                                                                       

Here 𝑠𝑠 = 𝜈𝜈𝑤𝑤
√𝑐𝑐𝑐𝑐 is the suction/injection parameter, 𝑠𝑠 ≻ 0 for suction and𝑠𝑠 ≺ 0 for injection. 

The nanoparticle volume fractions 𝜙𝜙1 and 𝜙𝜙2 are defined as: 

𝜙𝜙1 = (1 − 𝜙𝜙)2.5 ((1 − 𝜙𝜙) + 𝜙𝜙 (𝜌𝜌)𝑠𝑠
(𝜌𝜌)𝑓𝑓

)                                                                                                  (25)    
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In this section, the finite difference method is presented to solve the proposed model. 
 
 

4.1. Computational finite difference solutions 
 

Now, we assume that 𝑓𝑓𝑖𝑖, 𝜃𝜃𝑖𝑖, 𝑔𝑔𝑖𝑖, 𝜀𝜀𝑖𝑖 and Φ𝑖𝑖 are the numerical solutions for the exact solutions 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀 

and Φ at the points(𝜂𝜂𝑖𝑖), 𝑖𝑖 = 0, . . . , 𝑁𝑁. The approximation formulations for 𝑓𝑓, 𝜃𝜃, 𝜖𝜖, 𝑔𝑔and Φ derivatives 

with respect to 𝜂𝜂 are given as: 

 derivatives with respect to 

8 
 

number, 𝑁𝑁𝑁𝑁 = (𝜌𝜌𝜌𝜌)𝑝𝑝𝐷𝐷𝐵𝐵(𝐶𝐶𝑤𝑤−𝐶𝐶∞)
(𝜌𝜌𝜌𝜌)𝑓𝑓𝜐𝜐𝑓𝑓

 is the Brownian motion parameter, 𝑁𝑁𝑁𝑁 = (𝜌𝜌𝜌𝜌)𝑝𝑝𝐷𝐷𝑇𝑇(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
𝑇𝑇∞(𝜌𝜌𝜌𝜌)𝑓𝑓𝜐𝜐𝑓𝑓

 is the 

thermophoresis parameter, 𝐷𝐷𝑢𝑢 =
𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇(𝐶𝐶𝑤𝑤−𝐶𝐶∞)

𝐶𝐶𝑠𝑠(𝐶𝐶𝑝𝑝)𝑓𝑓𝜐𝜐𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
 is the Duffor number, 𝐸𝐸𝑐𝑐 =

𝑢𝑢𝑤𝑤2
𝑐𝑐𝑝𝑝(𝑇𝑇𝑤𝑤−𝑇𝑇∞)

 is the Eckert 

number, 𝑆𝑆𝑟𝑟 =
𝐷𝐷𝑚𝑚𝑘𝑘𝑇𝑇(𝑇𝑇𝑤𝑤−𝑇𝑇∞)
𝑇𝑇𝑚𝑚𝜐𝜐𝑓𝑓(𝐶𝐶𝑤𝑤−𝐶𝐶∞)

 is the Soret number, 𝐿𝐿𝐿𝐿 = 𝜐𝜐𝑓𝑓
𝐷𝐷𝑚𝑚

 is the bioconvection Schimdt number , 𝐿𝐿𝑒𝑒 =
𝜐𝜐𝑓𝑓
𝐷𝐷𝐵𝐵

 is the Lewis number , 𝛾𝛾 = 𝑘𝑘0
𝑐𝑐  is chemical reaction parameter, 𝑃𝑃𝑒𝑒 =

𝑏𝑏𝑊𝑊𝑐𝑐
𝐷𝐷𝑚𝑚

 is the bioconvection Péclet 

number and 𝛺𝛺 = 𝑁𝑁∞
(𝑁𝑁𝑤𝑤−𝑁𝑁∞)

 is the Microorganism concentration difference parameter. We also 

have𝐷𝐷𝑚𝑚,𝐷𝐷𝐵𝐵,𝐷𝐷𝑇𝑇, 𝜏𝜏 =
(𝜌𝜌𝜌𝜌)𝑝𝑝
(𝜌𝜌𝜌𝜌)𝑓𝑓

 , which represents variable diffusivity of microorganisms, the Brownian 

diffusion coefficient, the thermophoresis diffusion coefficient, the ratio between the effective heat 

transfer capacity of the ultrafine nanoparticle material and the heat capacity of the fluid.                                                                       

Here 𝑠𝑠 = 𝜈𝜈𝑤𝑤
√𝑐𝑐𝑐𝑐 is the suction/injection parameter, 𝑠𝑠 ≻ 0 for suction and𝑠𝑠 ≺ 0 for injection. 

The nanoparticle volume fractions 𝜙𝜙1 and 𝜙𝜙2 are defined as: 

𝜙𝜙1 = (1 − 𝜙𝜙)2.5 ((1 − 𝜙𝜙) + 𝜙𝜙 (𝜌𝜌)𝑠𝑠
(𝜌𝜌)𝑓𝑓

)                                                                                                  (25)    

𝜙𝜙2 =
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓

= (1 − 𝜙𝜙) + 𝜙𝜙 (𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓

                                                                                                     (26) 

 
 
4. Solution Methodology 
 

In this section, the finite difference method is presented to solve the proposed model. 
 
 

4.1. Computational finite difference solutions 
 

Now, we assume that 𝑓𝑓𝑖𝑖, 𝜃𝜃𝑖𝑖, 𝑔𝑔𝑖𝑖, 𝜀𝜀𝑖𝑖 and Φ𝑖𝑖 are the numerical solutions for the exact solutions 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀 

and Φ at the points(𝜂𝜂𝑖𝑖), 𝑖𝑖 = 0, . . . , 𝑁𝑁. The approximation formulations for 𝑓𝑓, 𝜃𝜃, 𝜖𝜖, 𝑔𝑔and Φ derivatives 

with respect to 𝜂𝜂 are given as:  are given as:
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𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

		 (27)
 
Substituting (27) into (19-23) we get:

Momentum equation 
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𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     
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𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

						      (28) 

Angular momentum equation

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

 						      (29)
 
Energy equation

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

 

9 
 

𝑔𝑔′ ≃ 𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−1
2ℎ ,

𝑔𝑔′′ ≃ 𝑔𝑔𝑖𝑖+1−2𝑔𝑔𝑖𝑖+𝑔𝑔𝑖𝑖−1
ℎ2 ,

𝑓𝑓′ ≃ 𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1
2ℎ ,

𝑓𝑓′′ ≃ 𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖
ℎ2 ,

𝑓𝑓′′′ ≃ −𝑓𝑓𝑖𝑖−2+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖+1−3𝑓𝑓𝑖𝑖
ℎ3 ,

𝜃𝜃′ ≃ 𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ,

𝜃𝜃′′ ≃ 𝜃𝜃𝑖𝑖−1+𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖
ℎ2 ,

𝜀𝜀′ ≃ 𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
2ℎ ,

𝜀𝜀′′ ≃ 𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ,

𝛷𝛷′ ≃ 𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ ,

𝛷𝛷′′ ≃ 𝛷𝛷𝑖𝑖−1+𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖
ℎ2 . }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

                                                                                                      (27) 

                                                                
 

Substituting (27) into (19-23) we get: 
 
 
Momentum equation     

((1 + 1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1+3𝑓𝑓𝑖𝑖−1+𝑓𝑓𝑖𝑖−2−3𝑓𝑓𝑖𝑖ℎ3 ) + 𝜙𝜙1 (
𝑓𝑓𝑖𝑖 (

𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1
ℎ2 )

− (1 + 𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ )

2) + 𝐾𝐾(1 − 𝜙𝜙)2.5

(𝑔𝑔𝑖𝑖+1−𝑔𝑔𝑖𝑖−12ℎ ) + 𝑀𝑀(1 − 𝜙𝜙)2.5 (𝐸𝐸1 − (
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ )) − 1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
(𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−12ℎ ) = 0,                                     (28)                                                                                                                                                                                                                                                                                                                                                                          

 

Angular momentum equation 

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) (
𝑔𝑔𝑖𝑖+1 − 2𝑔𝑔𝑖𝑖 + 𝑔𝑔𝑖𝑖−1

ℎ2 ) + 𝜙𝜙1 (𝑓𝑓𝑖𝑖 (
𝑔𝑔𝑖𝑖+1 − 𝑔𝑔𝑖𝑖−1

2ℎ ) − (𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖−12ℎ ) 𝑔𝑔𝑖𝑖) − (1

− 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾 (2𝑔𝑔𝑖𝑖 + (
𝑓𝑓𝑖𝑖+1 − 2𝑓𝑓𝑖𝑖 + 𝑓𝑓𝑖𝑖−1

ℎ2 )) = 0.

                                                                                                                                                             (29)                                                                                                                     

Energy equation 

(1 − 𝜙𝜙)2.5 (𝜃𝜃𝑖𝑖+1 − 2𝜃𝜃𝑖𝑖 + 𝜃𝜃𝑖𝑖−1ℎ2 ) + 

𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
 
 
 
 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓𝑖𝑖 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) +

(1 − 𝜙𝜙)2.5 (
𝑁𝑁𝑏𝑏 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−12ℎ ) + 𝑁𝑁𝑡𝑡 (

𝜃𝜃𝑖𝑖+1−𝜃𝜃𝑖𝑖−1
2ℎ )

2
+

𝐷𝐷𝑢𝑢 (
𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1

ℎ2 )
)

+ 𝐸𝐸𝑐𝑐 ((1 +
1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓𝑖𝑖+1−2𝑓𝑓𝑖𝑖+𝑓𝑓𝑖𝑖−1ℎ2 )
2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐 ((
𝑓𝑓𝑖𝑖+1−𝑓𝑓𝑖𝑖−1

2ℎ ) − 𝐸𝐸1)
2

)

 
 
 
 
 
 
 

= 0.  (30)                                                                     

						      (30)
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

 						      (31)
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

						      (32)

Under conditions,
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
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+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕
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𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

 					     (33)

The system of  equations (28)-(32) are solved 
numerically by using Mathematica package.

5. PHYSICALLY QUANTITIES
The skin friction coefficient is defined in 

terms of  shear stress and density as:

 ,	
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

		             (34)
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

						      (35) 

The non-dimensional form of  the local skin-
friction coefficient is:
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
𝑓𝑓𝑖𝑖 (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1

2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

						      (36) 

Where, 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) 𝑓𝑓𝑖𝑖 − 𝑃𝑃𝑒𝑒 (
(𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1

2ℎ ) (𝛷𝛷𝑖𝑖+1−𝛷𝛷𝑖𝑖−1
2ℎ )

+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  

Concentration equation 
 

(𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 ) + 𝑁𝑁𝑡𝑡

𝑁𝑁𝑏𝑏
(𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1

ℎ2 ) + 𝐿𝐿𝑒𝑒 (
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2ℎ ) + 𝛾𝛾𝛷𝛷𝑖𝑖

+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 

 is the local Reynolds number.

The couple stress at the surface is defined by 
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(𝜀𝜀𝑖𝑖+1−2𝜀𝜀𝑖𝑖+𝜀𝜀𝑖𝑖−1
ℎ2 ) + 𝐿𝐿𝐿𝐿 (𝜀𝜀𝑖𝑖+1−𝜀𝜀𝑖𝑖−1
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+(𝛺𝛺 + 𝜀𝜀𝑖𝑖) (𝛷𝛷𝑖𝑖+1−2𝛷𝛷𝑖𝑖+𝛷𝛷𝑖𝑖−1
ℎ2 )

) = 0,                                     (31)                                                                                                                                  
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+𝑆𝑆𝑟𝑟 (𝜃𝜃𝑖𝑖+1−2𝜃𝜃𝑖𝑖+𝜃𝜃𝑖𝑖−1
ℎ2 )

) = 0.                                        (32) 

Under conditions, 
 

𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1

ℎ2
𝑓𝑓𝑁𝑁+1 − 𝑓𝑓𝑁𝑁−1

2ℎ = 0, 𝜃𝜃𝑁𝑁+1 − 𝜃𝜃𝑁𝑁−1
2ℎ = 0, 𝛷𝛷𝑁𝑁+1 − 𝛷𝛷𝑁𝑁−1

2ℎ = 0, 𝜀𝜀𝑁𝑁+1 − 𝜀𝜀𝑁𝑁−1
2ℎ = 0, 𝑔𝑔𝑁𝑁+1 − 𝑔𝑔𝑁𝑁−1

2ℎ = 0.
 

                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  

                             𝑀𝑀𝑤𝑤 = (𝛾𝛾𝑛𝑛𝑛𝑛
∗ 𝜕𝜕𝑁𝑁∗

𝜕𝜕𝜕𝜕 )
𝑦𝑦=0

= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
                                                       (39)          

By using the above equations we can write the following dimensionless parameters: 
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                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 
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𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
𝛽𝛽) + 𝑘𝑘∗) (𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕)
𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  
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= (𝜇𝜇𝐵𝐵)𝑓𝑓𝑢𝑢𝑤𝑤
𝜙𝜙1(1−𝜙𝜙)2.5 (1 + (1 − 𝜙𝜙)2.5 𝐾𝐾

2) 𝑔𝑔′(0)                             (37)        

 
The Nusselt number is defined as:  

                                                                𝑁𝑁𝑁𝑁 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞) ,                                                             (38)     

Where the wall heat flux is given as  

                                                                𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
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By using the above equations we can write the following dimensionless parameters: 
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𝑓𝑓0 = 0, 𝑓𝑓1 − 𝑓𝑓−1
2ℎ = 1, 𝜃𝜃0 = 1, 𝛷𝛷0 = 1, 𝜖𝜖0 = 1, 𝑔𝑔0 = −𝑛𝑛 𝑓𝑓1 − 2𝑓𝑓0 + 𝑓𝑓1
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                                                                                                                                                    (33) 
The system of equations (28)-(32) are solved numerically by using Mathematica package. 

 

5.   Physically quantities 
 

The skin friction coefficient is defined in terms of shear stress and density as: 

      ,                                                       𝑐𝑐𝑓𝑓 = 𝜏𝜏𝑤𝑤
𝜌𝜌𝑛𝑛𝑓𝑓𝑢𝑢𝑤𝑤2 (𝑥𝑥)                                                                         (34) 

Where𝜏𝜏𝑤𝑤 is the surface shear stress defined as: 

                              𝜏𝜏𝑤𝑤 = ((𝜇𝜇𝐵𝐵)𝑛𝑛𝑛𝑛(1 + 1
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𝑦𝑦=0

+ 𝑘𝑘∗𝑁𝑁(𝑦𝑦)𝑦𝑦=0.                                         (35)     

The non-dimensional form of the local skin-friction coefficient 𝑐𝑐𝑓𝑓 is: 

                               𝜙𝜙1𝑐𝑐𝑓𝑓 = √ 1
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[(1 + 1
𝛽𝛽) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾] 𝑓𝑓″(0).                                      (36)      

Where,  𝑅𝑅𝑒𝑒𝑒𝑒 = 𝑢𝑢𝑢𝑢
𝜐𝜐   is the local Reynolds number. 

 
The couple stress at the surface is defined by  
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nanoparticles are a good coolant in comparison to 𝐴𝐴𝐴𝐴 −, 𝐴𝐴𝑙𝑙2𝑂𝑂3- nanoparticles, and 𝐴𝐴𝐴𝐴 − nanoparticles. 

It shows that from Fig. 4: that the concentration is highest in the case of Ag-nanoparticles as comparing 

with 𝐴𝐴𝑙𝑙2𝑂𝑂3-, and 𝑇𝑇𝑇𝑇𝑂𝑂2-nanoparticles. It is depicted from Fig. 5: that microrotation velocity diffuses 

faster in the case of Ag- nanoparticles and decreases in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles.  

          Table 2: Shows the comportment of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓for numerous values 

of 𝐸𝐸1, 𝐹𝐹𝑠𝑠 and 𝐾𝐾. It is perceived that the skin friction coefficient of all nanoparticles𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and 

𝑇𝑇𝑇𝑇𝑂𝑂2 is a decreasing function of 𝐸𝐸1 and𝐾𝐾. The applied electric field introduces accelerating body force 

which acts to the direction of the applied electric field. This body force, known as the Lorentz force, 

accelerates the boundary layer flow and thickens the momentum boundary layer. Hence it resulted in a 

reduction in the skin friction at the stretching surface. Moreover, the fact behind the decreasing of the 

skin friction coefficient with material parameter is that the micropolar fluids offer a greater resistance 

(resulting from dynamic viscosity and vortex viscosity) to the fluid motion. On the other hand the skin 

friction coefficient is an increasing function of 𝐹𝐹𝑠𝑠 the reason behind this fact is that porous medium 

gives rise to skin friction coefficient. From this table we also notice that, the nano-particles of Ag has 

the higher skin friction coefficient rather than 𝐶𝐶𝐶𝐶,𝑇𝑇𝑇𝑇𝑂𝑂2and 𝐴𝐴𝑙𝑙2𝑂𝑂3nanoparticles.  

            Table 3: display the comportment of the local density number of motile micro-

organisms(𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜀𝜀′(0). It shows that the local density number of motile micro-organisms (𝑅𝑅𝑒𝑒𝑒𝑒)

1
2𝜀𝜀′(0)  

is increasing function of  𝑃𝑃𝑒𝑒 , 𝐿𝐿𝐿𝐿 and  𝛺𝛺 for𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3and 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles. As expected an 

increase in the motile micro-organisms flux is noted with bioconvection Péclet number 𝑃𝑃𝑒𝑒  and 

the micro-organisms concentration difference parameter𝛺𝛺.This would be attributed to the fact 

that the concentration of motile micro-organisms within the boundary layer for motile micro-

organisms decreases as these parameters increase. Additionally when bioconvection Schimdt 

number 𝐿𝐿𝐿𝐿 increase means that thermal diffusivity prevails against mass diffusivity, these two 
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density of motile microorganisms’ profile. It observed that an increase in microorganism’s 

concentration difference parameter 𝛺𝛺 tends to decrease the density of motile microorganisms. Fig. 7 

 for numerous 
values of  E1, FS and K. It is perceived that the 
skin friction coefficient of  all nanoparticles Cu, 
Ag, Al2O3 and TiO2  is a decreasing function of  
E1 and K. The applied electric field introduces 
accelerating body force which acts to the direction 
of  the applied electric field. This body force, known 
as the Lorentz force, accelerates the boundary 
layer flow and thickens the momentum boundary 
layer. Hence it resulted in a reduction in the skin 
friction at the stretching surface. Moreover, the 
fact behind the decreasing of  the skin friction 
coefficient with material parameter is that the 
micropolar fluids offer a greater resistance (resulting 
from dynamic viscosity and vortex viscosity) to 
the fluid motion. On the other hand the skin 
friction coefficient is an increasing function of  FS 
the reason behind this fact is that porous medium 
gives rise to skin friction coefficient. From this 
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                                                            −𝜃𝜃′(0) = 𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

√ 1
𝑅𝑅𝑒𝑒𝑒𝑒

𝑁𝑁𝑢𝑢𝑥𝑥                                                    (40)     

The Sherwood number is defined as:   
 

,                                                                  𝑠𝑠ℎ = 𝑥𝑥𝑞𝑞𝑚𝑚
𝐷𝐷𝐵𝐵(𝐶𝐶𝑤𝑤−𝐶𝐶∞)                                                           (41)  

  
where the wall mass flux, is presented as: 

                                                                 𝑞𝑞𝑚𝑚 = −𝐷𝐷𝐵𝐵 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
.                                                     (42)      

Applying the above equations, we can write: 
 

                                                                −𝛷𝛷′(0) = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

𝑆𝑆ℎ𝑥𝑥.                                                       (43)     

The Density number of the motile micro-organism is defined as: 
 

                                                                  𝑁𝑁𝑛𝑛 = 𝑥𝑥𝑞𝑞𝑛𝑛
𝐷𝐷𝑚𝑚(𝑁𝑁𝑤𝑤−𝑁𝑁∞) ,                                                          (44)     

Where the flux and surface motile micro-organism has the form: 
 

                                                                  𝑞𝑞𝑛𝑛 = −𝐷𝐷𝑚𝑚 (𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝑦𝑦=0
   .                                                   (45)             

Using the above equation, we can write the local density number of motile micro-organism as: 

                                                                  −𝜀𝜀′(0) = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

𝑁𝑁𝑛𝑛𝑥𝑥.                                                     (46)                                                                                          

 

6.   Results and Discussion 
 

        The objective of the present analysis is to study the non-Darcy electrically conducting of 

micropolar bi viscosity nanofluid behavior over a stretching sheet in the presence of viscous dissipation, 

Joule heating, and chemical reaction. The micropolar fluid contains four different types of nano-

particles namely Copper (Cu), Silver (Ag), aluminum oxide ( 𝐴𝐴𝑙𝑙2𝑂𝑂3) and Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) 

which are suspended in a blood-based fluid.The temperature and concentration fields are analyzed by 

utilizing the boundary layer concept. The set of coupled momentum, energy, and concentration 

equations is formulated mathematically by a system of non-linear partial differential equations (PDEs). 

A similarity transformation method is used to convert the nonlinear, coupled partial differential 

equations to a set of nonlinear coupled ordinary differential equations. These equations are solved 

numerically using the finite difference method technique. The effects of some important parameters of 

the present problem are examined. Also, the behavior of the nanoparticles Cu-nanoparticles, Ag-

nanoparticles,𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles and𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles are studied considering the given values𝜙𝜙 =
0.05, 0.10, 0.15and 0.2 respectively. 

           Fig.1. Shows the velocity with respect to 𝜙𝜙 = 0.15, 0.2 (𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles,𝑇𝑇𝑇𝑇𝑂𝑂2d- 

nanoparticles) has elevated velocity values compared to 𝜙𝜙 = 0.05, 0.10 Cu- nanoparticles and Ag- 

nanoparticles. This indicates that momentum for 𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles and 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles is 

spreading faster inside the blood than propagating momentum for Cu- nanoparticles, Ag- nanoparticles. 

 when 
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓

is the Prandtl 
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Fig. 4: Behavior of 𝑔𝑔(𝜂𝜂) for various values of 𝜙𝜙 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001,𝛺𝛺 = 𝛾𝛾 = 𝑀𝑀 = 0.01𝐹𝐹𝑠𝑠 =
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the concentrated particle flows in which the microelements close to the wall surface are unable to rotate. 

The case 𝑛𝑛 = 1/2 corresponds to the vanishing of antisymmetric part of the stress tensor and it shows 

weak concentration of microelements.  

Introducing the nondimensional similarity transformations  

 𝜓𝜓 = (𝑐𝑐𝜐𝜐𝑓𝑓)
1
2𝑥𝑥𝑥𝑥(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞

𝑇𝑇𝑤𝑤−𝑇𝑇∞
, 𝜀𝜀(𝜂𝜂) = 𝑁𝑁−𝑁𝑁∞

𝑁𝑁𝑤𝑤−𝑁𝑁∞

𝛷𝛷(𝜂𝜂) = 𝐶𝐶−𝐶𝐶∞
𝐶𝐶𝑤𝑤−𝐶𝐶∞

; 𝜂𝜂 = 𝑦𝑦 ( 𝑐𝑐𝜐𝜐𝑓𝑓)
1
2 , 𝑁𝑁∗ = 𝑐𝑐 ( 𝑐𝑐𝜐𝜐𝑓𝑓)

1
2 𝑥𝑥𝑔𝑔(𝜂𝜂)

                                                                             (17)
                                                                                                                                  

where 𝜓𝜓(𝑥𝑥, 𝑦𝑦) is the stream function defined as  

𝑢𝑢 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 𝑐𝑐𝑥𝑥𝑓𝑓

′(𝜂𝜂) ,  𝑣𝑣 = − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −√𝑐𝑐𝜐𝜐𝑓𝑓𝑓𝑓(𝜂𝜂) .                                                                                 (18) 

By using (17) and (18), the continuity equation is satisfied identically the governing equations (10), 

(11), (12), (13), (14) and (5) along with the boundary conditions (16) are reduced to the following 

nondimensional form: 

((1 + 1𝛽𝛽) + (1 − 𝜙𝜙)
2.5𝐾𝐾)𝑓𝑓‴(𝜂𝜂) + 𝜙𝜙1 (𝑓𝑓(𝜂𝜂)𝑓𝑓″(𝜂𝜂) − (1 +

𝐹𝐹𝑠𝑠
𝐷𝐷𝑎𝑎
) (𝑓𝑓′(𝜂𝜂))2) + 

𝐾𝐾(1 − 𝜙𝜙)2.5𝑔𝑔′(𝜂𝜂) + 𝑀𝑀(1 − 𝜙𝜙)2.5(𝐸𝐸1 − 𝑓𝑓′(𝜂𝜂)) −
1
𝑅𝑅𝑒𝑒𝑒𝑒

1
𝐷𝐷𝑎𝑎
𝑓𝑓′(𝜂𝜂) = 0,

                                                 (19)  

(1 + (1 − 𝜙𝜙)2.5 𝐾𝐾2) 𝑔𝑔
″(𝜂𝜂) + 𝜙𝜙1(𝑓𝑓(𝜂𝜂)𝑔𝑔′(𝜂𝜂) − 𝑓𝑓′(𝜂𝜂)𝑔𝑔(𝜂𝜂)) −  

                   (1 − 𝜙𝜙)2.5𝜙𝜙1𝐾𝐾(2𝑔𝑔(𝜂𝜂) + 𝑓𝑓″(𝜂𝜂)) = 0,                                                                                (20) 

(1 − 𝜙𝜙)2.5𝜃𝜃″(𝜂𝜂) + 𝑝𝑝𝑟𝑟
𝑘𝑘𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

(

 
 
𝜙𝜙2(1 − 𝜙𝜙)2.5𝑓𝑓(𝜂𝜂)𝜃𝜃′(𝜂𝜂) +
(1 − 𝜙𝜙)2.5(𝑁𝑁𝑏𝑏𝜃𝜃′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝑁𝑁𝑡𝑡𝜃𝜃′(𝜂𝜂)2 + 𝐷𝐷𝑢𝑢𝛷𝛷″(𝜂𝜂))
+ 𝐸𝐸𝑐𝑐 ((1 +

1
𝛽𝛽) + (1 − 𝜙𝜙)

2.5𝐾𝐾) (𝑓𝑓″(𝜂𝜂))2

+(1 − 𝜙𝜙)2.5𝑀𝑀𝐸𝐸𝑐𝑐(𝑓𝑓′(𝜂𝜂) − 𝐸𝐸1)2 )

 
 
= 0,                (21)    

                        

𝜀𝜀″(𝜂𝜂) + 𝐿𝐿𝐿𝐿𝜀𝜀′(𝜂𝜂)𝑓𝑓(𝜂𝜂) − 𝑃𝑃𝑒𝑒(𝜀𝜀′(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + (𝛺𝛺 + 𝜀𝜀(𝜂𝜂))𝛷𝛷″(𝜂𝜂)) = 0,                                                  (22) 

𝛷𝛷″(𝜂𝜂) + 𝑁𝑁𝑡𝑡
𝑁𝑁𝑏𝑏
𝜃𝜃″(𝜂𝜂) + 𝐿𝐿𝑒𝑒(𝑓𝑓(𝜂𝜂)𝛷𝛷′(𝜂𝜂) + 𝛾𝛾𝛷𝛷(𝜂𝜂) + 𝑆𝑆𝑟𝑟𝜃𝜃″(𝜂𝜂)) = 0.                                                        (23) 

Using the transformation (17) the boundary conditions (16) take the following form: 

𝑓𝑓(0) = 𝑠𝑠, 𝑓𝑓′(0) = 1, 𝑔𝑔(0) = −𝑛𝑛𝑓𝑓″(0), 𝜃𝜃(0) = 1,𝛷𝛷(0) = 1, 𝜀𝜀(0) = 1at 𝜂𝜂 = 0; 
𝑓𝑓′(𝜂𝜂) → 0, 𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0,𝛷𝛷(𝜂𝜂) → 0, 𝜀𝜀(𝜂𝜂) → 0: 𝑎𝑎𝑎𝑎𝜂𝜂 → ∞.                                                     (24)                                                        

    
 

Here, 𝑓𝑓, 𝜃𝜃, 𝑔𝑔, 𝜀𝜀and𝛷𝛷 are the dimensionless velocity, temperature, dimensionless microrotation (angular 

velocity), dimensionless Gyrotactic microorganism and concentration, respectively, 𝑀𝑀 = 𝜎𝜎𝐵𝐵𝑂𝑂2
𝑐𝑐𝜌𝜌𝑓𝑓

 is the 

magnetic field parameter,𝐸𝐸1 =
𝐸𝐸0
𝑐𝑐𝑥𝑥𝐵𝐵0

is the electric parameter, 𝐹𝐹𝑠𝑠 =
𝐹𝐹
𝑥𝑥  is the Forchheimer number, 𝐷𝐷𝑎𝑎 =

𝑘𝑘
𝑥𝑥2  is the Darcy number and 𝑅𝑅𝑒𝑒𝑒𝑒 =

𝑢𝑢𝑤𝑤(𝑥𝑥)𝑥𝑥
𝜐𝜐  the local Reynolds number. Here 𝑝𝑝𝑟𝑟 =

𝜐𝜐𝑓𝑓(𝜌𝜌𝜌𝜌)𝑓𝑓
𝑘𝑘𝑓𝑓
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Table 2. Behavior of  skin friction coefficient 
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Table 2 

 Behavior of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓for four types of nanofluids when 𝑀𝑀 = 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 =

𝑃𝑃𝑒𝑒 = 0.2, , 𝑛𝑛 = 𝛾𝛾 = 𝛺𝛺 = 0.01, 𝑁𝑁𝑏𝑏 = 𝑁𝑁𝑡𝑡 = 𝐸𝐸𝑐𝑐 = 𝛽𝛽 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 = 𝐿𝐿𝑏𝑏 = 0.1, 𝑅𝑅𝑒𝑒𝑒𝑒 = 2, 𝐷𝐷𝑢𝑢 =
0.4𝑎𝑎𝑎𝑎𝑎𝑎𝐾𝐾 = 1.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓 = −((1 + 1

𝛽𝛽)𝑓𝑓
″(0) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾𝑓𝑓″(0))  

  𝐶𝐶𝐶𝐶 𝐴𝐴𝐴𝐴 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

 0.5 0.462532 0.491366 0.440949 0.438778 

𝐸𝐸1 1.0 0.446912 0.478969 0.429061 0.430286 

 1.5 0.431644 0.465264 0.416036 0.420451 

      

 0.5 0.506383 0.535832 0.487047 0.474076 

𝐹𝐹𝑠𝑠 1.0 0.566573 0.613973 0.539300 0.534252 

 1.5 0.628842 0.673677 0.591048 0.583160 

      

 0.5 0.482238 0.509613 0.466050 0.461816 

𝐾𝐾 1.0 0.472176 0.500333 0.458587 0.447550 

 1.5 0.462532 0.491929 0.451706 0.441746 

 for four types of  nanofluids when 
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(𝑅𝑅𝑒𝑒𝑒𝑒)
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2𝜙𝜙1𝑐𝑐𝑓𝑓 = −((1 + 1

𝛽𝛽)𝑓𝑓
″(0) + (1 − 𝑛𝑛)(1 − 𝜙𝜙)2.5𝐾𝐾𝑓𝑓″(0))  
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 1.5 0.462532 0.491929 0.451706 0.441746 
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Cu Ag Al2O3 TiO2

0.5 0.462532 0.491366 0.440949 0.438778

E1 1.0 0.446912 0.478969 0.429061 0.430286

1.5 0.431644 0.465264 0.416036 0.420451

0.5 0.506383 0.535832 0.487047 0.474076

FS 1.0 0.566573 0.613973 0.539300 0.534252

1.5 0.628842 0.673677 0.591048 0.583160

0.5 0.482238 0.509613 0.466050 0.461816

K 1.0 0.472176 0.500333 0.458587 0.447550

1.5 0.462532 0.491929 0.451706 0.441746

table we also notice that, the nano-particles of  
Ag has the higher skin friction coefficient rather 
than Cu, TiO2 and Al2O3 nanoparticles. 

Table 3: display the comportment of  the 
local density number of  motile micro-organisms 
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The anomalous of different nanoparticles through microorganism profiles studies in Fig. 2. It is shown 

that the microorganisms profile decreases steeply for 𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles and 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles 

when it is compared to Cu- nanoparticles, Ag- nanoparticles. The influence of different nanoparticles 

on the temperature profile is shown by Fig. 3: It shows that from Fig. 3: that the nanoparticles of 𝑇𝑇𝑇𝑇𝑂𝑂2- 

nanoparticles are a good coolant in comparison to 𝐴𝐴𝐴𝐴 −, 𝐴𝐴𝑙𝑙2𝑂𝑂3- nanoparticles, and 𝐴𝐴𝐴𝐴 − nanoparticles. 

It shows that from Fig. 4: that the concentration is highest in the case of Ag-nanoparticles as comparing 

with 𝐴𝐴𝑙𝑙2𝑂𝑂3-, and 𝑇𝑇𝑇𝑇𝑂𝑂2-nanoparticles. It is depicted from Fig. 5: that microrotation velocity diffuses 

faster in the case of Ag- nanoparticles and decreases in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles.  

          Table 2: Shows the comportment of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓for numerous values 

of 𝐸𝐸1, 𝐹𝐹𝑠𝑠 and 𝐾𝐾. It is perceived that the skin friction coefficient of all nanoparticles𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and 

𝑇𝑇𝑇𝑇𝑂𝑂2 is a decreasing function of 𝐸𝐸1 and𝐾𝐾. The applied electric field introduces accelerating body force 

which acts to the direction of the applied electric field. This body force, known as the Lorentz force, 

accelerates the boundary layer flow and thickens the momentum boundary layer. Hence it resulted in a 

reduction in the skin friction at the stretching surface. Moreover, the fact behind the decreasing of the 

skin friction coefficient with material parameter is that the micropolar fluids offer a greater resistance 

(resulting from dynamic viscosity and vortex viscosity) to the fluid motion. On the other hand the skin 

friction coefficient is an increasing function of 𝐹𝐹𝑠𝑠 the reason behind this fact is that porous medium 

gives rise to skin friction coefficient. From this table we also notice that, the nano-particles of Ag has 

the higher skin friction coefficient rather than 𝐶𝐶𝐶𝐶,𝑇𝑇𝑇𝑇𝑂𝑂2and 𝐴𝐴𝑙𝑙2𝑂𝑂3nanoparticles.  

            Table 3: display the comportment of the local density number of motile micro-

organisms(𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜀𝜀′(0). It shows that the local density number of motile micro-organisms (𝑅𝑅𝑒𝑒𝑒𝑒)

1
2𝜀𝜀′(0)  

is increasing function of  𝑃𝑃𝑒𝑒 , 𝐿𝐿𝐿𝐿 and  𝛺𝛺 for𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3and 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles. As expected an 

increase in the motile micro-organisms flux is noted with bioconvection Péclet number 𝑃𝑃𝑒𝑒  and 

the micro-organisms concentration difference parameter𝛺𝛺.This would be attributed to the fact 

that the concentration of motile micro-organisms within the boundary layer for motile micro-

organisms decreases as these parameters increase. Additionally when bioconvection Schimdt 

number 𝐿𝐿𝐿𝐿 increase means that thermal diffusivity prevails against mass diffusivity, these two 

facts prove the physical reason behind the increasing density number of motile micro-

organisms with bioconvection Schimdt number𝐿𝐿𝐿𝐿 , bioconvection Péclet number𝑃𝑃𝑒𝑒 and the micro-

organisms concentration difference parameter𝛺𝛺 for all nano-particles. Also, it is perceived that from 

this table the magnitude of motile micro-organisms in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles achieves higher 

value than other nano-particles (Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and𝐶𝐶𝐶𝐶 ).  
            Fig. 6 depicts the effect of the microorganism’s concentration difference parameter𝛺𝛺on the 

density of motile microorganisms’ profile. It observed that an increase in microorganism’s 

concentration difference parameter 𝛺𝛺 tends to decrease the density of motile microorganisms. Fig. 7 
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this table the magnitude of motile micro-organisms in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles achieves higher 

value than other nano-particles (Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and𝐶𝐶𝐶𝐶 ).  
            Fig. 6 depicts the effect of the microorganism’s concentration difference parameter𝛺𝛺on the 

density of motile microorganisms’ profile. It observed that an increase in microorganism’s 

concentration difference parameter 𝛺𝛺 tends to decrease the density of motile microorganisms. Fig. 7 
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with 𝐴𝐴𝑙𝑙2𝑂𝑂3-, and 𝑇𝑇𝑇𝑇𝑂𝑂2-nanoparticles. It is depicted from Fig. 5: that microrotation velocity diffuses 
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          Table 2: Shows the comportment of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
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𝑇𝑇𝑇𝑇𝑂𝑂2 is a decreasing function of 𝐸𝐸1 and𝐾𝐾. The applied electric field introduces accelerating body force 
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accelerates the boundary layer flow and thickens the momentum boundary layer. Hence it resulted in a 

reduction in the skin friction at the stretching surface. Moreover, the fact behind the decreasing of the 

skin friction coefficient with material parameter is that the micropolar fluids offer a greater resistance 

(resulting from dynamic viscosity and vortex viscosity) to the fluid motion. On the other hand the skin 

friction coefficient is an increasing function of 𝐹𝐹𝑠𝑠 the reason behind this fact is that porous medium 
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density of motile microorganisms’ profile. It observed that an increase in microorganism’s 

concentration difference parameter 𝛺𝛺 tends to decrease the density of motile microorganisms. Fig. 7 

 and the micro-organisms 

concentration difference parameter 

12 
 

The anomalous of different nanoparticles through microorganism profiles studies in Fig. 2. It is shown 

that the microorganisms profile decreases steeply for 𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles and 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles 

when it is compared to Cu- nanoparticles, Ag- nanoparticles. The influence of different nanoparticles 

on the temperature profile is shown by Fig. 3: It shows that from Fig. 3: that the nanoparticles of 𝑇𝑇𝑇𝑇𝑂𝑂2- 

nanoparticles are a good coolant in comparison to 𝐴𝐴𝐴𝐴 −, 𝐴𝐴𝑙𝑙2𝑂𝑂3- nanoparticles, and 𝐴𝐴𝐴𝐴 − nanoparticles. 

It shows that from Fig. 4: that the concentration is highest in the case of Ag-nanoparticles as comparing 

with 𝐴𝐴𝑙𝑙2𝑂𝑂3-, and 𝑇𝑇𝑇𝑇𝑂𝑂2-nanoparticles. It is depicted from Fig. 5: that microrotation velocity diffuses 

faster in the case of Ag- nanoparticles and decreases in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles.  

          Table 2: Shows the comportment of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓for numerous values 

of 𝐸𝐸1, 𝐹𝐹𝑠𝑠 and 𝐾𝐾. It is perceived that the skin friction coefficient of all nanoparticles𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and 

𝑇𝑇𝑇𝑇𝑂𝑂2 is a decreasing function of 𝐸𝐸1 and𝐾𝐾. The applied electric field introduces accelerating body force 

which acts to the direction of the applied electric field. This body force, known as the Lorentz force, 

accelerates the boundary layer flow and thickens the momentum boundary layer. Hence it resulted in a 

reduction in the skin friction at the stretching surface. Moreover, the fact behind the decreasing of the 

skin friction coefficient with material parameter is that the micropolar fluids offer a greater resistance 

(resulting from dynamic viscosity and vortex viscosity) to the fluid motion. On the other hand the skin 

friction coefficient is an increasing function of 𝐹𝐹𝑠𝑠 the reason behind this fact is that porous medium 

gives rise to skin friction coefficient. From this table we also notice that, the nano-particles of Ag has 

the higher skin friction coefficient rather than 𝐶𝐶𝐶𝐶,𝑇𝑇𝑇𝑇𝑂𝑂2and 𝐴𝐴𝑙𝑙2𝑂𝑂3nanoparticles.  

            Table 3: display the comportment of the local density number of motile micro-

organisms(𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜀𝜀′(0). It shows that the local density number of motile micro-organisms (𝑅𝑅𝑒𝑒𝑒𝑒)

1
2𝜀𝜀′(0)  

is increasing function of  𝑃𝑃𝑒𝑒 , 𝐿𝐿𝐿𝐿 and  𝛺𝛺 for𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3and 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles. As expected an 

increase in the motile micro-organisms flux is noted with bioconvection Péclet number 𝑃𝑃𝑒𝑒  and 

the micro-organisms concentration difference parameter𝛺𝛺.This would be attributed to the fact 

that the concentration of motile micro-organisms within the boundary layer for motile micro-

organisms decreases as these parameters increase. Additionally when bioconvection Schimdt 

number 𝐿𝐿𝐿𝐿 increase means that thermal diffusivity prevails against mass diffusivity, these two 

facts prove the physical reason behind the increasing density number of motile micro-

organisms with bioconvection Schimdt number𝐿𝐿𝐿𝐿 , bioconvection Péclet number𝑃𝑃𝑒𝑒 and the micro-

organisms concentration difference parameter𝛺𝛺 for all nano-particles. Also, it is perceived that from 

this table the magnitude of motile micro-organisms in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles achieves higher 

value than other nano-particles (Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and𝐶𝐶𝐶𝐶 ).  
            Fig. 6 depicts the effect of the microorganism’s concentration difference parameter𝛺𝛺on the 

density of motile microorganisms’ profile. It observed that an increase in microorganism’s 
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Fig.1: Behavior of 𝑓𝑓′(𝜂𝜂) for various values of 𝜙𝜙 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001, 𝛺𝛺 = 𝛾𝛾 = 𝑀𝑀 = 0.01𝐹𝐹𝑠𝑠 =
𝐿𝐿𝑒𝑒 = 𝑃𝑃𝑒𝑒 = 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝐷𝐷𝑎𝑎 = 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝐸𝐸𝑐𝑐 = 𝛽𝛽 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 = 𝐿𝐿𝑏𝑏 = 0.2𝑎𝑎𝑎𝑎𝑎𝑎𝐾𝐾 = 1.5. 
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7.  Conclusion 

 

       This paper has presented a study of the more complicated problem which involves both the heat 

and mass transfer of the non-Darcian boundary layer flow of electrical magnetohydrodynamic 

micropolar bioviscosity nanofluid containing Gyrotactic Microorganisms over a stretching surface. 

Four different types of nano-particles namely Copper (Cu), Silver (Ag), aluminum oxide (𝐴𝐴𝑙𝑙2𝑂𝑂3) and 

Titanium dioxide (𝑇𝑇𝑇𝑇𝑂𝑂2) are suspended in a blood-based nanofluid by taking into account the Soret and 

Dufour effects. A similarity transformation was employed to change the governing partial differential 

equations into ordinary ones. These equations were solved numerically by using finite difference 

method. The numerical results indicate that: 

  

• The nano-particles of Ag has the higher skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓 rather than Cu, 

𝑇𝑇𝑇𝑇𝑂𝑂2and 𝐴𝐴𝑙𝑙2𝑂𝑂3nano-particles. 

 

−𝜀𝜀′(0) = √ 1
𝑅𝑅𝑒𝑒𝑒𝑒

𝑁𝑁𝑛𝑛𝑥𝑥 

  𝐶𝐶𝐶𝐶 𝐴𝐴𝐴𝐴 𝐴𝐴𝑙𝑙2𝑂𝑂3 𝑇𝑇𝑇𝑇𝑂𝑂2 

 0.2 0.205630 0.200703 0.202734 0.207385 

𝑃𝑃𝑒𝑒 0.8 0.331247 0.324375 0.328520 0.333259 

 1.5 0.479857 0.470520 0.476412 0.481709 

      

 0.1 0.205630 0.200703 0.202734 0.207358 

𝐿𝐿𝑝𝑝 0.8 0.646163 0.639602 0.647347 0.650645 

 1.5 0.904750 0.898097 0.906092 0.909148 

      

 0.01 0.205630 0.200703 0.202734 0.207385 

𝛺𝛺 0.5 0.224556 0.219401 0.221963 0.226393 

 1.0 0.243868 0.238481 0.241491 0.245715 

 for four types of  
nano fluids when 
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0.01, 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 = 𝑃𝑃𝑒𝑒 = 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝐷𝐷𝑎𝑎 = 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝐸𝐸𝑐𝑐 = 𝛽𝛽 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 = 𝐿𝐿𝑏𝑏 = 0.2𝑎𝑎𝑎𝑎𝑎𝑎𝐾𝐾 = 1.5. 
 

  
Fig (7): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝐿𝐿𝑏𝑏 when𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 = 𝑀𝑀 = 0.01, 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 =
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Fig (8): Behavior of 𝑔𝑔(𝜂𝜂) for various values of 𝐾𝐾 when𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 = 𝑀𝑀 = 0.01, 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 =
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Fig (6): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝛺𝛺 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001,𝜙𝜙 = 0.05, 𝛾𝛾 = 𝑀𝑀 =

0.01, 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 = 𝑃𝑃𝑒𝑒 = 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝐷𝐷𝑎𝑎 = 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝐸𝐸𝑐𝑐 = 𝛽𝛽 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 = 𝐿𝐿𝑏𝑏 = 0.2𝑎𝑎𝑎𝑎𝑎𝑎𝐾𝐾 = 1.5. 
 

  
Fig (7): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝐿𝐿𝑏𝑏 when𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 = 𝑀𝑀 = 0.01, 𝐹𝐹𝑠𝑠 = 𝐿𝐿𝑒𝑒 =
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Fig (6): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝛺𝛺 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001,𝜙𝜙 = 0.05, 𝛾𝛾 = 𝑀𝑀 =
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Fig (6): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝛺𝛺 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001,𝜙𝜙 = 0.05, 𝛾𝛾 = 𝑀𝑀 =
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Fig (6): Behavior of 𝜀𝜀(𝜂𝜂) for various values of 𝛺𝛺 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001,𝜙𝜙 = 0.05, 𝛾𝛾 = 𝑀𝑀 =
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Figure 9 demonstrates typical profiles for the 
dimensionless velocity 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 

 

 
 

Fig.1: Behavior of 𝑓𝑓′(𝜂𝜂) for various values of 𝜙𝜙 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 0.001, 𝛺𝛺 = 𝛾𝛾 = 𝑀𝑀 = 0.01𝐹𝐹𝑠𝑠 =
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angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 

 

        Fig. 9 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), 

the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various values of the bi-

viscosity parameter𝛽𝛽, respectively. As expected,𝑓𝑓′(𝜂𝜂) decrease while𝑔𝑔(𝜂𝜂),𝜀𝜀(𝜂𝜂)and𝛷𝛷(𝜂𝜂)increase with 

increasing bi-viscosity parameter𝛽𝛽.The behavior of Forchheimer number 𝐹𝐹𝑠𝑠 on the dimensionless 

velocity𝑓𝑓′(𝜂𝜂), the angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the 

concentration𝛷𝛷(𝜂𝜂)are illustrated in Fig. 10. It is noticed that the velocity decrease whilst the angular 

velocity, the density of motile microorganisms and the concentration increase with increasing 

Forchheimer number𝐹𝐹𝑠𝑠. Fig. 11 demonstrates typical profiles for the dimensionless velocity𝑓𝑓′(𝜂𝜂), the 

angular velocity𝑔𝑔(𝜂𝜂), the density of motile microorganisms 𝜀𝜀(𝜂𝜂) and the concentration𝛷𝛷(𝜂𝜂) for various 

values of Dufour number 𝐷𝐷𝑢𝑢.It is observed that the velocity increase whilst the angular velocity, the 

density of motile microorganisms and the concentration decrease with increasing Duffor number 𝐷𝐷𝑢𝑢. 
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displays the behavior of the bioconvection Lewis number 𝐿𝐿𝐿𝐿 against the density of motile 

microorganisms’ profile. An increase in the value of  𝐿𝐿𝐿𝐿 contribute to a decrease in the diffusion of 

microorganisms. Ultimately, the thickness of the boundary layer decreases along with the density of the 

motile microorganisms. The profile of angular velocity 𝑔𝑔(𝜂𝜂)is shown in Fig. 8 for various values of 

material parameter K. It is shown that𝑔𝑔(𝜂𝜂), as expected increase with increasing material parameter K. 

Of course, when the viscosity of the fluid decreases the angular velocity of additive increases. 
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Fig (9): Behavior of 𝑓𝑓′(𝜂𝜂),𝑔𝑔(𝜂𝜂), 𝜀𝜀(𝜂𝜂) and 𝛷𝛷(𝜂𝜂) for various values of 𝛽𝛽 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 =
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0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 
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Fig (9): Behavior of 𝑓𝑓′(𝜂𝜂),𝑔𝑔(𝜂𝜂), 𝜀𝜀(𝜂𝜂) and 𝛷𝛷(𝜂𝜂) for various values of 𝛽𝛽 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 =
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0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 
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Fig (9): Behavior of 𝑓𝑓′(𝜂𝜂),𝑔𝑔(𝜂𝜂), 𝜀𝜀(𝜂𝜂) and 𝛷𝛷(𝜂𝜂) for various values of 𝛽𝛽 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 = 100, 𝛾𝛾 =

𝑀𝑀 = 0.01, 𝐾𝐾 = 1.5, 𝐿𝐿𝑒𝑒 = 𝑃𝑃𝑒𝑒 = 𝐹𝐹𝑠𝑠 = 𝐷𝐷𝑎𝑎 = 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝐸𝐸𝑐𝑐 = 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 = 𝐿𝐿𝑏𝑏 =
0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 

 
 

 
Fig (10): Behavior of 𝑓𝑓′(𝜂𝜂),𝑔𝑔(𝜂𝜂), 𝜀𝜀(𝜂𝜂) and 𝛷𝛷(𝜂𝜂) for various values of 𝐹𝐹𝑠𝑠 when 𝐷𝐷𝑢𝑢 = 0.4, 𝑛𝑛 =

100, 𝛾𝛾 = 𝑀𝑀 = 0.01, 𝐾𝐾 = 1.5, 𝐿𝐿𝑒𝑒 = 𝑃𝑃𝑒𝑒 = 𝑅𝑅𝑒𝑒𝑒𝑒 = 𝐷𝐷𝑎𝑎 = 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁 = 𝐸𝐸𝑐𝑐 = 𝛽𝛽 = 𝐸𝐸1 = 𝑠𝑠 = 𝑃𝑃𝑟𝑟 = 𝑆𝑆𝑟𝑟 =
𝐿𝐿𝑏𝑏 = 0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 

 
 

 

0 5 10 15 20
0.00

0.02

0.04

0.06

0.08

0.10

g

1.5

0.8

0.3

0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

f'

1.5

0.8

0.3

0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.5

0.8

0.3

0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.5

0.8

0.3

0.1

0 5 10 15 20
0.00

0.02

0.04

0.06

0.08

0.10

g

Fs 9.0

Fs 6.0

Fs 3.0

Fs 0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

f'

Fs 9.0

Fs 6.0

Fs 3.0

Fs 0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Fs 9.0

Fs 6.0

Fs 3.0

Fs 0.1

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

Fs 9.0

Fs 6.0

Fs 3.0

Fs 0.1

17 
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0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 
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0.2𝑎𝑎𝑎𝑎𝑎𝑎𝛺𝛺 = 0.01. 
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7. CONCLUSIONS
This paper has presented a study of  the more 

complicated problem which involves both the heat 
and mass transfer of  the non-Darcian boundary 
layer flow of  electrical magnetohydrodynamic 
micropolar bioviscosity nanofluid containing 
Gyrotactic Microorganisms over a stretching 
surface. Four different types of  nano-particles 
namely Copper (Cu), Silver (Ag), aluminum 
oxide (Al2O3) and Titanium dioxide (TiO2) are 
suspended in a blood-based nanofluid by taking 
into account the Soret and Dufour effects. A 
similarity transformation was employed to change 
the governing partial differential equations into 
ordinary ones. These equations were solved 
numerically by using finite difference method. 
The numerical results indicate that:

• The nano-particles of  Ag has the higher 
skin friction coefficient 
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The anomalous of different nanoparticles through microorganism profiles studies in Fig. 2. It is shown 

that the microorganisms profile decreases steeply for 𝐴𝐴𝑙𝑙2𝑂𝑂3-nanoparticles and 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles 

when it is compared to Cu- nanoparticles, Ag- nanoparticles. The influence of different nanoparticles 

on the temperature profile is shown by Fig. 3: It shows that from Fig. 3: that the nanoparticles of 𝑇𝑇𝑇𝑇𝑂𝑂2- 

nanoparticles are a good coolant in comparison to 𝐴𝐴𝐴𝐴 −, 𝐴𝐴𝑙𝑙2𝑂𝑂3- nanoparticles, and 𝐴𝐴𝐴𝐴 − nanoparticles. 

It shows that from Fig. 4: that the concentration is highest in the case of Ag-nanoparticles as comparing 

with 𝐴𝐴𝑙𝑙2𝑂𝑂3-, and 𝑇𝑇𝑇𝑇𝑂𝑂2-nanoparticles. It is depicted from Fig. 5: that microrotation velocity diffuses 

faster in the case of Ag- nanoparticles and decreases in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2- nanoparticles.  

          Table 2: Shows the comportment of skin friction coefficient (𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜙𝜙1𝑐𝑐𝑓𝑓for numerous values 

of 𝐸𝐸1, 𝐹𝐹𝑠𝑠 and 𝐾𝐾. It is perceived that the skin friction coefficient of all nanoparticles𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and 

𝑇𝑇𝑇𝑇𝑂𝑂2 is a decreasing function of 𝐸𝐸1 and𝐾𝐾. The applied electric field introduces accelerating body force 

which acts to the direction of the applied electric field. This body force, known as the Lorentz force, 

accelerates the boundary layer flow and thickens the momentum boundary layer. Hence it resulted in a 

reduction in the skin friction at the stretching surface. Moreover, the fact behind the decreasing of the 

skin friction coefficient with material parameter is that the micropolar fluids offer a greater resistance 

(resulting from dynamic viscosity and vortex viscosity) to the fluid motion. On the other hand the skin 

friction coefficient is an increasing function of 𝐹𝐹𝑠𝑠 the reason behind this fact is that porous medium 

gives rise to skin friction coefficient. From this table we also notice that, the nano-particles of Ag has 

the higher skin friction coefficient rather than 𝐶𝐶𝐶𝐶,𝑇𝑇𝑇𝑇𝑂𝑂2and 𝐴𝐴𝑙𝑙2𝑂𝑂3nanoparticles.  

            Table 3: display the comportment of the local density number of motile micro-

organisms(𝑅𝑅𝑒𝑒𝑒𝑒)
1
2𝜀𝜀′(0). It shows that the local density number of motile micro-organisms (𝑅𝑅𝑒𝑒𝑒𝑒)

1
2𝜀𝜀′(0)  

is increasing function of  𝑃𝑃𝑒𝑒 , 𝐿𝐿𝐿𝐿 and  𝛺𝛺 for𝐶𝐶𝐶𝐶, Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3and 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles. As expected an 

increase in the motile micro-organisms flux is noted with bioconvection Péclet number 𝑃𝑃𝑒𝑒  and 

the micro-organisms concentration difference parameter𝛺𝛺.This would be attributed to the fact 

that the concentration of motile micro-organisms within the boundary layer for motile micro-

organisms decreases as these parameters increase. Additionally when bioconvection Schimdt 

number 𝐿𝐿𝐿𝐿 increase means that thermal diffusivity prevails against mass diffusivity, these two 

facts prove the physical reason behind the increasing density number of motile micro-

organisms with bioconvection Schimdt number𝐿𝐿𝐿𝐿 , bioconvection Péclet number𝑃𝑃𝑒𝑒 and the micro-

organisms concentration difference parameter𝛺𝛺 for all nano-particles. Also, it is perceived that from 

this table the magnitude of motile micro-organisms in the case of 𝑇𝑇𝑇𝑇𝑂𝑂2 nano-particles achieves higher 

value than other nano-particles (Ag, 𝐴𝐴𝑙𝑙2𝑂𝑂3 and𝐶𝐶𝐶𝐶 ).  
            Fig. 6 depicts the effect of the microorganism’s concentration difference parameter𝛺𝛺on the 

density of motile microorganisms’ profile. It observed that an increase in microorganism’s 

concentration difference parameter 𝛺𝛺 tends to decrease the density of motile microorganisms. Fig. 7 

 rather than 
Cu, TiO2 and Al2O3 nano-particles.

• The magnitude of  density motile 
microorganisms 
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 in the case of  Cu 
nano-particles achives higher value than other 
nano-particles (Ag, Al2O3 and TiO2).

• The momentum for (Al2O3-nanoparticles, 
TiO2-nanoparticles) is spreading faster inside 
the blood than propagating momentum for 
(Cu-nanoparticles, Ag-nanoparticles).

• The nanoparticles of  TiO2- nanoparticles 
are a good coolant in comparison to Ag-, Al2O3-, 
and Ag-nanoparticles.

• The microrotation velocity diffuses faster 
in the case of  Ag-nanoparticles and decreases in 
the case of  TiO2-nanoparticles.

• The velocity decrease whilst the angular 
velocity, the density of  motile microorganisms 
and the concentration increases with increasing 
Forchheimer number FS.
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